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Abstract

A recent numerical study has found that, contrary to conventional theoretical and
experimental expectations, reversed shear plasmas are unstable primarily because the
term proportional to the shear in the Mercier criterion is destabilizing. In the present
study, the role of the magnetic shear, both local and global, is examined for various
tokamak con�gurations with monotonic and non-monotonic safety factor pro�les. The
enhancement of the local shear due to the outward shift of the magnetic axis suggests
that the latter are less susceptible to interchanges. Furthermore, by regrouping the
terms in the criterion, the V 00 term when di�erentiated instead with respect to the
toroidal 
ux, is shown to absorb the dominant shear term. No Mercier instability is
found for similar pro�les as in the previous study.

PACS: 52.35.Py, 52.55.Fa

1 Introduction

A recent study[1] has found that the Mercier criterion[2, 3, 4] was violated in the inner
region of a reversed shear plasma. It found that the instability occurred when the safety
factor on axis, qaxis, exceeded a threshold, for �xed value of the minimum, qmin, location of
the minimum, rmin, the edge value of the safety factor, qedge, and for �xed pressure pro�le.
In addition, the region of instability was found to be where the magnetic shear, q0( ), is neg-
ative. This has contradicted the generally established notion that negative shear is robustly
Mercier and balloon stable, both from semi-analytical results[5] and favorable numerical[6]
and experimental[7, 8] evidence from several tokamak devices. Since the reversed shear
con�guration has become a premier option for a high performance tokamak reactor[9, 10],
we have attempted to corroborate the results of Ref. [1]. Analytical calculations of the
Mercier criterion can be done only for simple limits, e.g., in the vicinity of the magnetic
axis, but nevertheless we present convincing evidence that the general con�gurations studied
are robustly stable.

For pressure pro�les similar to those in Ref. [1], in a �xed boundary circular cross-
section plasma, we have found no Mercier instability for a representative range of q( )
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with negative shear. We have also examined plasmas with the iter reversed shear plasma
shape (with elongation � = 2:0, and triangularity � = 0:5) and found no Mercier instability.
We can however get instability in the core region for reversed D-shaped con�gurations. In
order to understand this behavior more fully, we have regrouped the terms in the Mercier
criterion to elucidate the role which the shear term plays in determining the stability of the
con�gurations studied. It is found that the quantity V tt, i.e., the second derivative of the
plasma volume within a 
ux surface with respect to the toroidal, rather than with respect
to the poloidal 
ux, V 00, is more suitable for inclusion in the criterion, since the dominant
shear term is absorbed in V tt. We also show that the modi�cation of the local magnetic
shear properties due to the shift of the magnetic axis is signi�cantly di�erent between non-
reversed and reversed con�gurations, giving further evidence that stability is more favored
in the latter cases.

The next section of this paper, Sec. 2, describes the basic equations and our notations
and normalizations, etc. Sec. 3 describes con�guration of the circular cross section plasma
studied. The terms in Mercier criterion are regrouped to best illustrate the role of shear in
determining stability features. Results from monotonic q( ) and non-circular cross-section
plasmas are described. Sec. 4 describes stability calculations done in non-circular cross
sections. Signi�cant di�erences in the local magnetic shear structure between reversed and
non-reversed shear plasmas are illustrated in Sec. 5. Next, in Sec. 6, some speculative
reasons for the discrepancy between Ref. [1] and our study. Finally, concluding remarks
and acknowledgments are presented in the last sections, Secs. 7 and 8.

2 Preliminaries

Denoting the equilibrium current density, magnetic �eld and pressure respectively by J, B
and p, in rationalized Gaussian units with the speed of light, c = 1, the mhd system of
equations relevant to this work are:

J�B = rp; (1)

with

J = r�B: (2)

The tokamak magnetic �eld is written as

B = r��r + g( )r�; (3)

so that the poloidal magnetic 
ux, 	, is 2� within the volume, V , and g( )(= 2�RB�) is
the toroidal �eld function. For operational purposes, the beta of the plasma is de�ned in
terms of mks units and is given by: � � 2�0hpiv=B2

0 � �N(Ip=aB0) where the pressure is
given in Newton/meters2, the toroidal plasma current Ip is in units of mega-amperes, the
minor radius a in meters measured from the geometrical center at R = R0, and the vacuum
toroidal magnetic �eld strength B0 at the geometric center of the plasma in tesla. h� � �iv
denotes the volume average. With these de�nitions the poloidal beta, �pol, is 2�0hpiv=B2

p ,
with

Bp �
�0Ip

2�a
p
(1 + �2)=2

; (4)
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where � is the elongation of the plasma. The coordinate system used is such that r =
(R; �; Z) = ( ; �; �), with the Jacobian, J = (r � r� � r�)�1 The plasma surface is
parameterized as

X = R0 + a cos(� + � sin �); (5)

Z = � a sin �; (6)

where the elongation, �, and the triangularity, �, are de�ned by Eqs. (5) and (6).
Instead of the conventional normalized averages over the poloidal angle, �, these are

de�ned as:

h� � �i �
1

2�

I
� � �d�: (7)

Then, with 0 � @=@ ,

V 0 = 4�2hJ i; (8)

and the safety factor, q( ), is

q =
@�

@	
= g

�
J

R2

�
; (9)

where � is the toroidal 
ux. The integrals are evaluated numerically using the trapeziodal
rule because of the extremely high accuracy o�ered by the Euler-Maclaurin e�ect[11] for
periodic functions. Less accurate methods have proved to be inadequate when analyzing
advanced tokamak con�gurations. High accuracy is necessary since the Mercier criterion
often results from the cancellations of individually large terms.

Pertinent to the later discussion involving the local magnetic shear, S( ; �), the latter
is de�ned as,[4, 5, 12]

S( ; �) = �
B� r 

jr j2
� r �

B� r 

jr j2
; (10)

and can be written in the form,

S( ; �) =
1

J

��
J g

R2

�
0

+
@

@�

�
r �r�

jr j2
J g

R2

��
; (11)

since

hJS( ; �)i = q0( ); (12)

we see that S( ; �) is comprised of the averaged global shear, q0( ) and a residual oscillating
part which vanishes under the averaging. A normalized S is de�ned such that

Ŝ �
V

2�2q
S; (13)

then, D
J Ŝ( ; �)

E
hJ i

= 2
V

V 0

q0

q
: (14)
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For the numerical simulations, the Mercier criterion as well as the in�nite toroidal
mode number (n) ballooning mode criterion were examined for both circular and iter-like
reversed shear steady state con�gurations. In order that these results are well documented
and reproducible, essential details about the con�gurations studied and the methods used
are presented here.

The functional form of the pressure pro�le used in this study is

p( ) = po(1�  ̂�p)�p; (15)

where the values for (�p; �p) are �xed at (2.00,1.00) in order to correspond to the pro�les
of Ref. [1]. The functional form for the parallel current density pro�les is given by,

hJJ �Bi

hJB � r�i
( ) = jo(1�  ̂bj)aj + j1

d2 ̂�j(1�  ̂)�j

( ̂ �  o)2 + d2
: (16)

Here,  ̂ � ( �  axis)=( edge �  axis), and the coe�cients jo and j1 respectively provide
pro�le shaping for on-axis peaking, and o�-axis peaking at  o with width parameter d.

The equilibria are produced with the �xed boundary 
ux coordinate equilibrium code
jsolver, using 257 poloidal 
ux surfaces and 512 poloidal angle points in 2�. The Mercier
and n=1 ballooning stability analyses are done with the code balmsc.

The curves generated in this study by data values f are plotted using a modi�ed hyper-
bolic sine scale, sinh10 say, de�ned as follows:

f =
10y � 10�y



=

2



sinh(y loge 10); (17)

�
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sinh10(y) (18)

with the inverse,

y = sinh�110 (
f) (19)

= log10

0
@
f

2
+

s�

f

2

�2

+ 1

1
A ; (20)

= � log10

0
@�
f

2
+

s�

f

2

�2

+ 1

1
A ; (21)

where the latter form for y is numerically more suitable when 
f is negative. For jyj & 1
the scale rapidly approaches the usual logarithmic scale, i.e., y = sign(
f) log10 j
f j, for
both positive and negative values. On the other hand, for 
f � 1, f � (2y=
) loge 10, so by
setting 
 = 2 loge 10, one can have f � y for small f . Other values of 
 can be a stretching
or contraction factor e�ective at small y.

This scale allows plotting data which smoothly span large and small values of either
sign. This is particularly useful in the present study since, as mentioned above, DI is often
comprised of the residual of large terms of opposite signs, and we wish to display plots of
these terms together in a single �gure. In this study 
 is �xed at 10 so that for jyj & 1,
y � 1+ log10 f . A similar scale was used to display the properties of the full mhd spectrum
in an unstable plasma.[13]
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Figure 1: Safety factor pro�les (lighter lines) for the reversed shear cases, qaxis = 4:5 and 8:0, and
the monotonic case for which qaxis = 1:1. The pressure pro�le shown with the heavier line is the
same for all cases.

3 Circular con�gurations

We investigated a variety of reversed shear con�gurations similar to the circular case of
Ref. [1], using representative values of qaxis of 4.5 and 8.0, holding qmin, rmin and qedge
approximately �xed. With the magnetic axis atR = 9, and a minor radius, a, of 3 the aspect
ratio is �xed at 3.0. For the parallel current density pro�le the parameters (aj; bj; d, �j , �j ,
 o) of Eq. (16) are given by (1.0, 1.0, 0.3, 1.0, 2.0, 0.8) for qaxis = 4:5, and (1.0, 1.0, 0.4, 1.0,
2.0, 0.7) for qaxis = 8:0. The corresponding values of (jo; j1) are (1:526� 106; 3:181� 107)
and (9:125� 105; 2:763� 107). �N values lying within the range (1.5{4.0) corresponding to
a range of �pol of (1.1{3.0) were analyzed. For completeness we also studied a non-reversed
shear case with qaxis = 1:1. For this case we used (aj; bj; jo; j1) = (1:5; 1:1; 6:237� 106; 0:0).

The safety factor pro�les for the �N = 2:0 case with qaxis equal to 1.1, 4.5 and 8.0 are
shown as a function of the poloidal 
ux surface number in Fig. 1 together with the pressure
pro�le which is used for all the cases studied. Note that the pressure gradient is generally
largest in the reversed shear region. The safety factor pro�le for the case where qaxis = 4:5
has a slight local maximum near the origin. As detailed below, no Mercier instabilities are
observed in these cases. The n=1 ballooning instability appears only for the qaxis = 8:0
case at the highest �N and occurs in the traditional location for reverse shear plasmas,
where the magnetic shear begins to rise outside the qmin location.

The plasma volume within a 
ux surface for these con�gurations is plotted as a function
of the poloidal 
ux surface number in Fig. 2(left). The curvature, V 00, of the lines tends to
be positive (negative) in the positive (reversed) shear region. The dotted line is straight.
On the right are curves of the major radius along the midplane as a function of the poloidal

ux. These can be used to map the 
ux surfaces onto con�guration space.
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Figure 2: On the left: the plasma volume, V , as a function of the poloidal 
ux number for monotonic
and reversed shear safety factor pro�les. The curvature, V 00, of the lines tends to be positive
(negative) in the positive (reversed) shear region. The dotted line is straight. On the right is shown
the mapping of the 
ux surface number to the major radius along Z = 0. The magnetic axes are
shifted from the geometrical center at R = R0 = 9.

3.1 The Mercier criterion

The form of the Mercier criterion with the terms grouped similarly to those given in Ref. [1],
but using our notation and normalization described in Sec. 2 is:

q02DI = �
q02

4

+

"�
JB2

jr j2

��
�2
JB2

jr j2

�
�

�
�
JB2

jr j2

�2
#

� q0
��
�
JB2

jr j2

�
+ g0

�
JB2

jr j2

��

�

�
JB2

jr j2

��
p0
V 00

4�2
� p02

�
J

B2

��
; (22)

where q02DI � 0 for stability. Here, q0 denotes the global magnetic shear, and the parallel
current, � � J �B=B2 = �gp0=B2 � g0.

The groups of terms comprising Eq. (22) are plotted in Fig. 3a for the case where
qaxis = 4:5. Considering the right hand side, the negative de�nite �rst term, labeled by `s2' in
the �gure, is stabilizing, and, because of the Schwartz inequality, the second group of terms,
labeled `scz' is always destabilizing (in the cylindrical limit this vanishes but contributes
signi�cantly to DI in realistic con�gurations). Note that, because of it's structure any
expression in � independent of �, i.e., g0( ), cancels and then it can be written as,

+ g2p02

"�
JB2

jr j2

��
J

B2jr j2

�
�

�
J

jr j2

�2
#
: (23)

A similar cancellation occurs in the third group of terms, labeled `shear', which then be-
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Figure 3: The terms of DI using V 00 (a), and V tt (b), for a reversed shear pro�le. qaxis = 4:5. The
heavier curves of V 00 and the shear term labeled \shear" in (a) combine to give the curves of V tt

and the shear term labeled \shear" in (b). The scale is the modi�ed hyperbolic sine scale, sinh10,
described in the text.

comes:

+ gq0p0
�

J

jr j2

�
; (24)

this is the so called \shear" term and as pointed out in [1] it is destabilizing (stabilizing)
for q0 negative (positive), since g is positive and p0 is negative. It was considered by [1]
to be the dominant cause for the instability of reversed shear con�gurations. The role of
magnetic shear will be more fully discussed in Sec. 5. In the fourth group of terms, labeled
`V 00' in the �gure, the less dominant term with p02 is destabilizing. The expression involving
V 00(= @2V=@ 2), the \well" term, is by far the more dominant one in the cases studied and
is found to be stabilizing in regions where the global shear is negative, but destabilizing in
regions of positive shear. This is consistent with the behavior of the volume pro�les shown
in Fig. 2, but this counterintuitive change in the sign of V 00 within the cross-section of the
plasma suggests that it is not a good indication of the stabilizing tokamak magnetic well.
The curves in the �gure representing V 00 and the \shear" terms are emphasized with the
darker lines. Note that DI , labeled `DI ' is negative, (i.e. stable) over the whole plasma.

3.2 The Mercier criterion with V tt

In order to understand the role that global shear plays in the stability criterion we make
a judicious rearrangement of the terms which comprises DI . An examination of Fig. 3a
shows that the value of the shear term is approximately equal and opposite to that of the
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\well" term. This suggests that a more appropriate use of V (albeit roughly) for describing
the tokamak magnetic well is V tt(� @2V=@�2), where � is the toroidal 
ux [on average,
magnetic �eld lines circulate q times around the long way of the torus before making it once
around the short way]. We can thus write,

V 00 = 4�2q2V tt +
q0

q
V 0; (25)

the term involving q0, a \shear" term, is largely responsible for the change of sign in V 00.
It will oppose the dominant (toroidal) contribution of the shear term of Eq. (22) or (24).
Substituting Eq. (25) and combining the shear terms, the Mercier criterion then takes the
form:

q02DI = �
q02

4

+ g2p02

"�
JB2

jr j2

��
J

B2jr j2

�
�

�
J

jr j2

�2
#

�
q0p0

q

��
J

��
JB2

jr j2

�
�

�
JB2

��
J

jr j2

��

�
q0p0

q

�
J jr j2

R2

��
J

jr j2

�

�

�
JB2

jr j2

��
p0q2V tt � p02

�
J

B2

��
; (26)

where q02DI � 0 for stability.
The groups of these terms are plotted in Fig. 3b for the same con�guration as was used

for Fig. 3a. The residuals from the shear terms, i.e., the third and fourth groups on the
right, plotted together and labeled `shear' in the �gure, are now reduced to the poloidal
�eld scale; in the cylindrical limit the former now also vanish. In the reversed shear cases
studied, these residuals are both stabilizing in the negative shear region. This is obviously
true of the fourth group. A heuristic calculation of the third group of terms can substantiate
its behavior as follows:

Assuming B2 � 1 � 2" cos �, jr j�2 � 1��cos �, and J � 1 + � cos �, with ";� and
� � 1, the third group of terms becomes � �(p0q0=q)"�(1� �2=2). If the magnetic �eld
decreases with distance from the major axis (" > 0) and if there is outward shifting of the
magnetic surfaces (� > 0), this group is stabilizing for negative shear (with p0 negative);
this is independent of J to leading order. These residuals can also be written as

�
q0p0

q
g2
��
J

��
J

R2jr j2

�
�

�
J

R2

��
J

jr j2

��

�
q0p0

q

�
J

��
J

R2

�
; (27)

which gives a similar heuristic result but with the plasma diamagnetism term, g2, extracted
in this case.

The \well" term containing V tt, labeled `V tt', is now negative throughout the plasma
cross-section for all the positive and reversed shear cases studied. This is more appropriate
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to describe the intrinsic property of tokamak wells. It is this form which tends to � (1�q20)
at the magnetic axis.[3]

In the cylindrical limit we have also,[3]

V tt !
R0

rB4
z

�
B�

r

@

@r
(rB�) +

@p

@r

�
; (28)

� V tt
0c +

R0

rB4
z

@p

@r
: (29)

A su�cient condition for the cylindrical pinch to be stable to all �xed boundary MHD
modes is that the dominant term, V tt

0c � 0.[14]
There is a further cancellation of the pressure contributions in the \ well" term of

Eq. (26) and that in Eq. (29) so that,

q2V tt � p0
�
J

B2

�
! q2V tt

0c +
r

R0B2
zB

2

@p

@r
; (30)

where the second term is now very small and negative, thus making the overall \well" term
stabilizing if V tt

0c is negative.
Note that V tt is still not a strictly reliable criterion for stability is evidenced by the fact

that in a reversed-D con�guration that we examined, V tt is still negative although DI is
positive near the origin. This is of course necessary to compensate for the Schwartz and
other destabilizing terms.

Similar results are found when the con�guration with qaxis = 8:0 is examined. These
are shown in Fig. 4. The safety factor pro�le lacks the local extremum near the origin in
this case.

3.3 Monotonic q( ) pro�le

The terms of DI given by Eq. (22) for the circular con�guration with a monotonic q( )
pro�le in is shown in Fig. 5a. Although DI is negative throughout the cross section we see
again that the destabilizing \well" term is now opposed by the shear term which is now
stabilizing. When the terms are grouped with V tt according to Eq. (26) we see from Fig. 5b
that the shear term is destabilizing but V tt is negative throughout the cross section.

Note that there is approximately an order of magnitude cancellation between the large
\well" and shear terms in the two forms of DI , in con�gurations with either reversed or
monotonic shear pro�les.

4 Non-circular plasmas

In addition to the circular plasma cases analyzed above, for thoroughness we have also
examined plasmas with the iter reversed shear plasma shape (� = 2.0, � = 0.5) and found
no Mercier instability for qaxis ranging from 4.5 to 10.0.

The plasma boundary is taken from the Reversed Shear discharge simulation performed
with the Tokamak Simulation Code (tsc). The qaxis value is increased from 4.5 to 6.0, 8.0,
and 10.0, holding the qmin, rmin, qedge and the pressure pro�le approximately �xed. The
parameters (�p; �p) for the pressure pro�le given by Eq. (15) are (2.00,1.10).

No Mercier instability is observed with �N ranging from 3.5 to 5.5. n=1 ballooning
instability occurred for �N > 4:5 at the traditional location for reverse shear plasmas, where
the magnetic shear begins to rise outside the qmin location.
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Figure 4: The terms of DI using V 00 (a), and V tt (b), for a reversed shear pro�le. qaxis = 8:0.
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Figure 5: The terms of DI using V 00 (a), and V tt (b), for a monotonic shear pro�le. qaxis = 1:1.
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Figure 6: Two views of the contours of the normalized local shear on the R-Z plane together with
a 3D display for a monotonic q pro�le for which qaxis = 1:1. Seven contour levels each for positive
and negative Ŝ are shown. Dotted lines signify Ŝ � 0, solid lines Ŝ � 0, and the heavy solid lines,
Ŝ = 0, which are labeled. The mesh in the 3D �gure is the computational grid in ( ; �). Most of
the shear resides in the region of favorable curvature. The outermost circle is the plasma boundary.

In conclusion, no Mercier instability is observed for the iter reversed shear plasma when
q-axis is increased from the reference value, for a peaked pressure pro�le.

5 Local magnetic shear

The local magnetic shear, S( ; �), de�ned in Sec. 2, plays an important role in the stability
properties of plasmas. The signi�cant di�erences in S between reversed and non-reversed
shear plasmas which are illustrated here provide evidence that the reversed shear con�gu-
rations examined are less susceptible to interchanges.

The intrinsic outward shift of the magnetic axis in tokamak con�gurations redistributes
the poloidal 
ux so as to reduce the local magnetic shear at the outer major radius side.
This opposition to imposed positive global shear in conventional non-reversed con�gurations
results in a low shear neighborhood about a null in the local shear near the magnetic axis.

In Fig. 6 is plotted contours of Ŝ( ; �) for the non-reversed shear case. Seven equally
distributed contour levels each for positive and negative Ŝ are shown. The vertical axis
represents the contour values. Examination of the density of the lines shows that the local
shear is negative (solid lines) out to about R = 11 and is very small and positive in the
region of unfavorable curvature. This lack of shear tends to breed interchanges and but is
compensated for by other e�ects. In reversed shear plasmas, on the other hand, the imposed
negative global shear enhances the negative local shear tendency and render the plasma more
stable in the reversed region by strengthening the (negative) shear and expanding the radial
extent of the negative shear region. The null moves out towards the plasma edge where
the pressure gradient is small. See Fig. 7. Ballooning modes are found to be least stable
near the edge of reversed shear plasmas where the local shear is small. A fully reversed
shear pro�le would cause the null to migrate beyond the plasma edge. In both cases it is
an unfortunate trade o� that most of the shear resides in the region of favorable curvature.
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Figure 7: As in Fig. 6, two views of the contours of the normalized local shear for a reversed shear
pro�le for which qaxis = 4:5.

Note that Ŝ ranges from only -0.207 to 9.81 in the monotonic case and from -0.853 to 9.56 in
the reversed shear case. This phenomenon where the axis shift provides su�cient (negative)
shear is responsible, for example, for the second stability access to ballooning modes in bean
shaped tokamaks where the shift imposed by the shaping is present even at low beta.[12]

Although these arguments involving the poloidal dependencies are more relevant to
ballooning modes, they are pertinent to interchanges as well since the physical mechanisms
of the instability are similar and furthermore ballooning stability is a su�cient condition
for achieving interchange stability.

6 Reasons for the discrepancy

Since our results are largely in disagreement with [1], we can speculate on possible reasons
for the discrepancy between the results of that study and the present one.

There may be di�erences in the ways in which the equilibria are calculated. As described
above, we use a �xed boundary code in which the shape of the plasma boundary is given
and held �xed during the course of the studies, even at high �. A free boundary equilibrium
code could introduce unwanted distortions of the plasma boundary. We have studied D-
shaped cross sections and have found that with positive D the plasma remains stable, as
expected; however, plasmas with negative D shapes can be unstable in the inner region.

In Ref. [1], the toroidal �eld function, g(V ), where, B� = g=R, is written as (in the
notation of Ref. [1])

g = 2�
d�

dV
hR2i; (31)

where � is the toroidal 
ux. g enters in the \shear" term of the Mercier expression. The
relation for g could be a typographic error and may not have been used in the calculations.
At any rate the correct relation should be,

g = 2�
d�

dV

1

h1=R2i
: (32)
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This could introduce an error of � (a=R)2 in the calculations and may contribute to the
discrepancy.

We have found also that it is important to calculate the integrals over � very accurately
because of the complicated geometrical structure of advanced tokamak con�gurations and
the cancellations of large terms involved in the Mercier criterion. As stated before we
utilized the exceptionally high accuracy o�ered by the simple trapezoidal rule for periodic
functions.

7 Conclusions

In this work we have attempted to clarify the role of magnetic shear in the pressure driven
stability properties of reversed shear con�gurations. Our results which shows that these
con�gurations are robustly stable provided that the safety factor remains above unity and
the triangularity is positive, contradict the recent results of Ozeki, et al. [1]. A regrouping of
the terms in the Mercier criterion demonstrates that the shear terms are actually stabilizing
and supports conclusions of both the numerical analyses and the semi-analytic model of
Ref. [5]. The local magnetic shear analyses suggest that reversed shear con�gurations
have more favorable stability properties. Possible reasons for the contradiction could be
distortion of the equilibrium surfaces, errors in the analysis and inaccuracies in the numerical
algorithms.
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