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Abstract

A simplified two field nonlinear model for collisionless trapped-ion-mode turbulence has
been derived from nonlinear bounce-averaged drift kinetic equations. The renormalized
thermal diffusivity obtained from this analysis exhibits a Bohm-like scaling. A new nonlin-
earity associated with the neoclassical polarization density is found to introduce an isotope-
dependent modification to this Bohm-like diffusivity. The asymptotic balance between the
equilibrium variation and the finite banana width induced reduction of the fluctuation po-
tential leads to the result that the radial correlation length decreases with increasing plasma
current. Other important conclusions from the present analysis include the predictions that
(i) the relative density fluctuation level dn/ng is lower than the conventional mixing length
estimate, Ar/L,; (ii) the ion temperature fluctuation level 67;/T; significantly exceeds the
density fluctuation level dn/ng; and (iii) the parallel ion velocity fluctuation level dv; /vy, is

expected to be negligible.

'PACS numbers:52.35.Ra, 52.25.Gj, 52.25.F1, 52.55.Fa



I. Introduction

Transport scaling trends closer to Bohm (y o« ¢T'/eB) rather than gyro-Bohm (y
cT'p/eBa) have been prominently observed in major tokamak experiments such as Tokamak
Fusion Test Reactor (TFTR).! Important investigations of this key issue have also been car-
ried out in the DIII-D device.? This is very suggestive of the importance of long wavelength,
low frequency fluctuations. Indeed, Beam Emission Spectroscopy (BES) measurements on
TFTR? and the results from the studies using a comprehensive two dimensional (2-D) kinetic
code* have shown the existence of significant density fluctuations in the trapped ion mode
(TIM) regime corresponding to w (mode frequency) < wy,; (trapped ion bounce frequency).

Motivated by the preceding considerations, a nonlinear analysis of collisionless trapped
ion modes (CTIM) has been carried out. These instabilities are expected to be relevant in
the core region of present day large tokamak plasmas characterized by very low collisionality
with w > v, .75 (effective trapped electron collisional frequency). Although the existence
of CTIM in low collisionality high temperature plasmas was predicted almost three decades
ago,” most of the subsequent nonlinear studies on TIM focused on the dissipative trapped ion
mode (DTIM) regime with w < v, ;.57 In the present work, a simplified two field (6P, §¢)
nonlinear model of CTIM turbulence is derived by taking moments of the nonlinear bounce-
averaged kinetic equations. The radial mode structure is obtained from a simple nonlocal

model including equilibrium profile variations. Principal results of this paper include:

1. The thermal diffusivity at turbulent saturation is found to exhibit a nearly Bohm-like
scaling. A new “neoclassical polarization density nonlinearity”® introduces an isotope-

dependent modification to this Bohm-like diffusivity.

2. The radial correlation length is predicted to be approximately the geometric mean
of the trapped ion banana width and the equilibrium variation length (L.) of the
diamagnetic drift frequency. Therefore, it is typically on the order of a couple of

centimeters and decreases with increasing current.

3. The predicted density fluctuation level is lower than the conventional mixing length

estimate, Ar/L,.



4. Ton temperature fluctuation level (§7;/T;) is predicted to significantly exceed the den-
sity fluctuation level dn/ng. The associated parallel velocity fluctuation level dvy)/vr;,

is shown to be negligibly small.

The remainder of this paper is organized as follows. In Sec. I, the new two-field nonlin-
ear model for CTIM is derived from the nonlinear bounce-averaged drift kinetic equation.
The linear properties of CTIM are discussed in Sec. III with emphasis on the distinctive
broad radial mode structure. In Sec. IV, a steady state solution of the nonlinear equations
is obtained from a one-point nonlinear analysis which treats the renormalized diffusivity as
an eigenvalue. Finally, the fluctuation-driven thermal diffusivity as well as the various fluc-
tuation levels at turbulent saturation are calculated. These results with a discussion of their

implications for the tokamak confinement are presented in Sec. V.

ITI. Theoretical Model

In this section, a two-field fluid model which describes the nonlinear evolution of the
collisionless trapped ion modes (CTIM) is derived. The starting point for this theoretical
model is the bounce-averaged drift kinetic equations. For untrapped particles, both ion
dynamics and electron dynamics are approximated by the Boltzmann response. The relevant
frequencies in the linear analysis are ordered as wy > wWpe > W,Wee > Wie > Vegse and
Wi > Wy > W, We > Wy > Veppyi. For untrapped particles, both ion dynamics and electron
dynamics are approximated by the Boltzmann response. The trapped electron dynamics are

described by the bounce-averaged nonlinear drift kinetic equation,

2 4o )b — %v<5¢> b Vh = (20w — wur(B) 22 (1)

ot T
where § f. = eTé—jFM—I—h6 defines the nonadiabatic part (h.) of the perturbed electron distribu-

tion function, § f. Fis is the Maxwellian distribution function, wire(E) = wee{l + n.(F£/T. —
3/2)},wee = kopsCs/ Ly, ne = dinT./dlnng,wp. is the energy dependent trapped electron
precession drift frequency. For the trapped ions, the bounce-averaged nonlinear drift kinetic

equation is similar to Eq.(1) with the most crucial difference being the appearance of the



trapped-ion-orbit-averaged potential, ((§¢)).

(% + iwpi)gi — %V«&b}} X b-Vgi = —i(20)Y*1(w — wori( E))

It is well-known from the linear analysis that CTIM is a robust fluid-like instability with
a linear growth rate which exceeds the real frequency.® Accordingly, wave-particle resonant
interactions will not be taken into account in the present analysis, and a moment approach
will be adopted to facilitate the nonlinear analysis. Taking density and energy moments of
Eqgs. (1) and (2) leads to the following density and pressure evolution equations for trapped

particle banana centers:

(a — CspsV{(p) xb-V)dn, = i(26)1/2(w — Wee ){P) — 1wy P, (3)
(O CpT(6) x b TIP = 2i(20) — g9, g
and
(% — CypsV{(9)) x b V)EN; = —it(26) (w0 — w.i)((9)) — iwgib P, (5)
(5= CopaTUBY) b TI6P: = —ir(20) 0 — 0y (6)). (6)

Here, ¢ = ed¢/T.. Note that dn. = [ dPPvh./ng, IN; = [ d*vg;/no, IP. = [ d*vh.E [n¢T., and
§P; = [ dPPvg; F/noT; come from the nonadiabatic parts of the trapped particle distributions
only. These variables are therefore different from more conventional ones.®

In adopting the simplest nontrivial closure, the higher order velocity moments in Eqs.(4)
and (6) have been neglected. As mentioned earlier, to the extent that wave-particle resonant
interactions are not crucial, this simple approach captures the essence of the CTIM dynamics.
Noting the similarities between the equations for trapped electrons and those for the trapped
ions, the nonlinear system can be further simplified. A crucial difference between the trapped
ion dynamics and the trapped electron dynamics is the finite (banana) orbit width effects
of the trapped ions. Since the instabilities of interest here are long wavelength modes, the
finite ion Larmor radius effects and the finite electron banana width effects are subdominant
and can be ignored. Thus, in dealing with trapped electrons, the customary approximation

for the bounce average can be utilized. This involves replacing the integration along the

particle orbit by the integration along the appropriate magnetic field line. On the other
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hand, for trapped ions, the finite orbit excursion across the magnetic field line needs to be
taken into account and is retained here by Taylor-expanding the perturbed quantity near

the corresponding position along the reference magnetic field line. This leads to

1
(D)) = (&) + S Vi(e),
2
where (¢) is the potential value averaged along the field line. Subtracting Eq.(5) from Eq.(3),

and using the quasi-neutrality condition,
(1+7)¢ = N; = dn. + ¢/?p}, Vi(9), (7)
leads to

0
5 {0+ 7)0 =220 20, VE{8)} + Caps(26)' %9, V(6) x b VV(9)

FCupap VN, x b VV2(0) = iluwsld P — ieo..(20)' 202,72 (4), (8)

where 6 P = § P,4+ 74 P. is the total nonadiabatic trapped particle pressure moment. In Eq.(7),
the last term is a simplified form of the neoclassical polarization density which accounts for
the difference between the actual trapped ion particle density and the density of banana
centers.® This can be shown to be closely related to the more familiar neoclassical polarization
drift.1® Detailed analysis of the theoretical foundations for this neoclassical polarization
density will be reported elsewhere. The last term in Eq.(8) is ignored for simplicity in the
nonlinear analysis and the third term on the left hand side (LHS) is ignored as well, since a
closely related term in lon Temperature Gradient (ITG) Turbulence models has been shown

to have no significant influence on the essential feature of results.!1~15

Adding Eqs.(4) and (6) gives

3 3
(57 = Cops¥(0) x b V)P = —io7(26) 2 (Jwnpil + wape)(6) = i57(26) Pl V() (9)
where the assumption, |w| < |wipi|, which will be justified later has been used. Equations (8)
and (9) constitute a set of nonlinear equations which describe the evolution of CTIM’s. It

is interesting to compare the basic structure of this CTIM nonlinear model to the previous

ITGY15 or Resistive Pressure Gradient Turbulence Models.'® Apart from the coefficients
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related to the fraction of trapped particle population and to the banana width, the left hand

7 or vorticity equation in the ITG

side of Eq.(8) is similar to the Hasegawa-Mima equation®
turbulence model. The right hand side, on the other hand, describes the coupling to the
pressure perturbation through curvature driven precession. Equation (9) is in a form familiar
from Pressure Gradient Driven Turbulence Models which feature the E x B nonlinearity and

the drive from the radial gradient of pressure. From these considerations, the CTIM can be

expected to have an interchange-mode-like character.

III. Linear Properties

The key linear properties of CTIM are discussed in this section. In order to develop
a systematic nonlinear theory of CTIM, the relevant results from the previous studies are
incorporated in a simple context. In particular, results from studies using a comprehensive
2-D kinetic toroidal finite-element code show that under realistic conditions such as those
in TFTR, the radial extent of the CTIM’s is primarily governed by the spatial variations in
the equilibrium profile gradients.* This is in contrast to the previous conventional picture
that long wavelength TIM’s are radially localized between adjacent rational surfaces.'® These
results also seem to be consistent with the BES measurements of long wavelength fluctuation
properties in TFTR.? Since the focus of this paper is on the nonlinear theory, a simple
nonlocal model that captures the essential features of CTIM’s mode structure is introduced.
Incorporating these relevant features in a simple context allows development of a systematic
but tractable nonlinear theory of CTIM.

Since studies of the 2-D global structure are beyond the scope of this paper, the following
simplified radially nonlocal model is adopted. First, a nonlocal analysis is carried out near
the region where the drive due to pressure gradient is maximum.'® This approach is also
justified by the results in Ref. 4. Hence, the equilibrium profile variation can be modeled by
expanding the first term on the right hand side (RHS) of Eq.(9),

(Jwspil + wape) 2 (|wpi] + wape) (0)(1 = X*/L7),

where X = 0 is chosen to be a radial location of the drive maximum, and L, is the scale

length for the second radial derivative of the diamagnetic drift frequency. Away from this



region, quantitative details of our approach cannot be applied directly. Although there
exist some linear analyses supporting the broad radial stucture of the toroidal drift and ion

20722 extension of the present nonlinear analysis to the

temperature gradient driven modes,
region far away from the drive maximum is beyond the scope of this paper.
The perpendicular variation of perturbation is given by

PE
~ X2

Vi — (nq/r)*.

Then, linearization of Eqs. (8) and (9) leads to an eigenmode equation in the familiar form
of the Weber’s equation,
3
(26)"2(20% + wlwni] — 5Tl )PEVL(0) = wH(1 4 7)(1 = V26)¢
3
+§T(26)1/2|wdi|(|w*pi| +wipe) (1= X7 /L3)(9). (10)

The reduction of the potential due to the bounce average along the field line will be ignored
with (@) replaced by ¢ here. Effects of this approximation on both linear and nonlinear results
are discussed in the Appendix. Note that the local growth rate is primarily determined from
the balance between the first and the second terms on the RHS,

2 37’(26)1/2
=0+ )1 - (20172

|wai | (|wnpi| + Wape)- (11)

The eigenvalue of Eq.(10) contains a subdominant nonlocal correction as well as a finite

banana width correction.

1
1+ 71— V2o

This result is consistent with the assumption |w| < |w.pi|. The lowest order radial eigenmode

V=gl — {1+ Y(V2ekipt, + € pys /2L)]. (12)

which has the highest linear growth rate is given by
Bn(X) = p(0)e /A, (13)

where
Ar? = Cypyi L.,
2(2¢)'/? N 1
(L+7m)(1=(2)Y2) T+ 7(L4n)/(1+m)

Cy=A{ }.



IV. Nonlinear Analysis

In this section, a nonlinear analysis of Eqgs. (8) and (9) is carried out to obtain the thermal
diffusivity and various fluctuation levels at nonlinear saturation. In contrast to the familiar
heuristic mixing length estimate, the renormalized transport coefficient is determined here
as an eigenvalue necessary for the turbulent saturation.'®?? Since this procedure does not
use an adjustible constant, it is more systematic and quantitative than more commonly used
approaches. Equations (12) and (13) summarize the linear properties of CTIM’s which are
used in the following nonlinear calculations.

Using the standard weak coupling closure approximation, it is straightforward to renor-
malize the E x B nonlinearity of Eq. (9). Details of the renormalization procedure can be

found in Ref. 16 and is not repeated here. This leads to the result,

0? 3. 3.
(DA CRIP = = Sim (2002 ) (1~ X2 L2160 D (20 Pl V6, (14)
where ky = nq/r.
kg'log |
D= (Cyp,)? Sy Tk
(Ceps)" B, Awp
and
€ = (Coprypy 20T
_= ,spS k Aujk//

are the turbulent diffusivities for trapped particle pressure in the radial and perpendicular
directions respectively. In arriving at this result, a standard procedure for renormalization
of the E x B nonlinearity in the fluid context has been adopted. Specifically, the driven field
qb(kZ/)/ which is the shielding contribution has been ignored, while keeping the bare nonlinearity,
which is related to 5P’(;,2. Although this approximation is adequate for Eq.(9), it is desirable
to improve this renormalization scheme for Eq.(8).

: : : : . kL :
It is convenient to adopt an approximation used in Ref. 16, ai, ~ b, to avoid the
[

mathematical difficulty of explicitly calculating qb(lz,), Hence, the nonlinear term in Eq.(8)

can be expressed as

d k2 2k
(Vo x b-VV2e)p = a—sz,(_@kg)eTﬂgb_k,(vigbk,,)(?)

k% + 2koky O
ky?

—ikg Xy



Equation.(8) is then renormalized by substituting the expression for the driven vorticity

( J_qbk”) tO obtain

0 0 0 0
Py d—k; Eop, + a—XFa—Xébk — ky GV ¢, + 6XH8XVQ o} = tlwa|d Py,  (16)

where the various renormalized transport coefficients are given by

k/
H = (CSpS) Zk (k”) k@ |¢k | /Awk”v
G = (Cop S (S 220 2y
k Ky ox k"

ko oo
F= <Os,os>22kf<k—g,>2k£|vmk/|2/Awk~,

and
2 OV 1O
oX’

H and G are the turbulent diffusivities for the vorticity in the radial and perpendicular

B = (Cop,) Sy k,,> | 2/ M.

directions respectively, while F and E describe the self-consistent turbulent back-reaction of
the convecting velocity on ¢p, evolution. Considering a long wavelength test mode such that
k* < k', we note that the first two terms on the LHS of Eq.(16) are larger than the last
two terms. If only the two dominant nonlinear terms in Eq.(16) are retained, Eq.(14) yields,

0? 0?
8X2)(F8X2

3
20 s (et 05 ) (1= X2/ L2)+ i 0,93 )6 = p(CHE= DD Bk,
(1)

By Fourier transforming, this fourth order differential equation in configuration space can

be reduced to the following second order differential equation,

3 0? 3
—5(26)1/27|wd¢|(|w*pi| e ) L 5 () = 5(26)1/2|wdz’|{7(|wm| + wape)
—ppslwapil (u® + k§) Yo(u) — kgpp {(CF + DEYu* + C Ekgd(u). (18)

Here, O(u*) term on the RHS has been ignored since the physically relevant turning point
is determined by the constant and O(u?) terms in the effective potential. On the RHS
of Eq.(18), the first term describes the pressure gradient drive coupled to bad curvature.
Reduction of the potential due to the finite banana width effects is included here. The

last term is the effective nonlinear damping of the test mode k due to the nonlinear mode
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coupling. Since it is expected that D > ~vgpi,, the u-dependent nonlinear term dominates
over the finite banana width reduction of the potential (i.e., u-dependent linear term on the
RHS).

The thermal diffusivity D as an eigenvalue of Eq.(18) can now be obtained, by expressing

other transport coefficients in terms of D; i.e.,

_<kr> K

T<kPr> kK
< k2>
F~—"Y"12D~kD
< ky? > o
and
k,?
B~ S0 Zgep g2,
< kg? >
For the lowest radial eigenfunction,
kglogskaz - 7*2 = - L kepvsk, D, (19)

V2L,
where
L+ (L +ne) /(1 +mi))}
Since the RHS is an O(pp;/ L.) correction to the dominant terms on the LHS, Eq.(19) yields,

Y=

TV I v 1 1/2
D~ o0 e
k?»kﬁpbs \/57* er*)

Using Equations (11),(13), and (20) can now be combined to give the one-fluid thermal

(20)

diffusivity,
cl; L, 1 T

L [Cipw
~ D~ T VIS S VUASVEVSN 21
X = - €B¢ /R(Lpi Lpe) ( F* 2[/* ) 2L % ( )

_I_
_ kipi: 1/2 _ 2(2¢)1/2
S S Y (T J?(ur)(l—mc“

(' 1s defined at the end of Sec. III.

where

L.

It is of interest here to examine to what extent the result in Eq.(21) is a consequence
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of the specific renormalization procedure used here and the new neoclassical polarization
nonlinearity. From dimensional considerations such as random walk arguments, the thermal
diffusivity can be expected to scale as

Ty L*( 1 N T
€B¢\/E Lpi Lpe

where use has been made of Eqs.(11) and (13). Therefore, Bohm-like scaling can be recov-

X 2 (Ar)?y o~ ) kg pui,

ered from Eq.(21) by assuming kgpy =~ const. Of course, in the context of the one-point
renormalization procedure considered in this paper, an analytical prediction for the satu-
rated spectrum cannot be obtained. With regard to the role of the neoclassical polarization
nonlinearity, which contains one more factor of (kgpy;)* compared to the E x B nonlinearity,
the main points to emphasize are that:
i) It introduces an isotope dependent term \/i:b: in Eq.(21); and
ii) Bohm scaling in Eq.(21) can be obtained without assuming kgpy; =~ constant. This is
obvious from Eq. (20), since v. o k.

In estimating the fluctuation levels from the present analysis, the definition of D given
below Eq.(14) can be combined with the additional assumption, Awgr >~ 7o, to give:

T 1
D~ SRV (—

—1/21 412
€B¢ Lpi Lpe) |¢| ‘

If this relation is equated to Eq.(21) and the approximation, kgpy; =~ const is used, then
ed Ar

Te ~ —RLP .

The trapped ion pressure fluctuation level at saturation is then obtained from Eq.(6) by

(22)

balancing the F x B convective nonlinearity (the second term on the LHS) with the pressure

gradient drive (the second term on the RHS); i.e.,

OP; R edp  Ar
|~/ ~—. (23)
P, LT~ L,

The trapped electron density fluctuation level at saturation is similarly obtained from Eq.(3)

by the balance between the second term on the LHS and the second term on the RHS.

Combining with the adiabatic response then yields,

on ? r R edop
M- AEACANA 24
L - o RS 21

11




Finally, the present analysis indicates that the parallel ion velocity perturbation is negligi-
ble. This is a consequence of the fact that the untrapped particle dynamics are dominantly

adiabatic due to the slow evolution of the mode.

V. Discussions

In this paper, a nonlinear theory of collisionless trapped ion modes is presented. As
indicated by Eq.(21), the thermal diffusivity exhibits a nearly Bohm-like scaling similar to
trends observed in the p.-scan experiment results on TF'TR.! The aspect ratio dependence
contained in (] and (4 are typical of trapped-particle-driven-turbulence.%"?42> With regard
to isotope scaling, the ion mass dependence contained in the \/Z:b: factor originates from the
new nonlinearity in Eq.(8) associated with the neoclassical polarization density. Although
confinement is accordingly expected to improve with larger ion mass, the predicted trend
here is not nearly as strong as that reported in the TFTR DT-experiments.?® It is important
to keep in mind that these results are applicable only for high temperature, low collisionality
plasmas such as encountered in TFTR. This point may also be relevant to the interpreta-
tion of recent nonlinear global gyrokinetic simulation results?” where deviation from Bohm
scaling becomes larger with decreasing system size.

The radial correlation length given below Eq. (13) is determined from the balance be-
tween the finite banana orbit width reduction of the fluctuation potential and the radial
variation of equilibrium profiles. Since it decreases with increasing plasma current ([,), it
is in qualitative agreement with recent BES measurements on TFTR.?® Regarding fluctua-
tion amplitude characteristics, the density fluctuation at saturation is found to be smaller
than the simple mixing length estimate Ar/L, and therefore again in agreement with trends
observed in the BES studies.?® It is particularly important to note that the predicted ion
temperature fluctuation level can easily exceed dn/ng. This is in agreement with preliminary
results from the high-frequency charge exchange recombination spectroscopy (HF-CHERS)

measurements on TFTR.??
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Appendix: Effects of Bounce Average along the Field Line

In this Appendix, the effect of the reduction of the potential due to bounce average along
the field line is briefly discussed. As shown in Ref. 24, the trapped particles respond to
the bounce average of the projection of the potential fluctuation along the magnetic field
line. Therefore, due to the difference between the pitch of magnetic field line and that of
the mode, the trapped particle response is localized near the mode rational surface roughly
within A,, = (ndq/dr)~'. Hence, the analysis presented in the main text which ignores this

effect is justified when Ar < A,. If typical parameters in the core region of TFTR are

r ~ 40cm
gsAr T 2x0.5X2cm

considered, this corresponds to n < ~ 20, where s is the magnetic shear.
It is also interesting to observe that the requirement for a fluctuation to be in the trapped
ion regime w < wy;, can be written as an upper bound on the toroidal mode number n,

re/2 1 T

(— +
q* Ly Lpe

n < )_I/QR_I/ZL*(AT)_Q.

This condition is easier to be satisfied than Ar < A,,.

Next, a rough estimate is given for the effect of the bounce average reduction of the po-
tential in the opposite limit, Ar > A,,. which is applicable to a relatively shorter wavelength
regime. It is convenient to follow a procedure similar to that in Ref. 24. The main difference
is that, while the trapped electron modes considered in Ref. 24 are either dissipative or
resonant instabilities, the CTIM is a reactive fluid-like instability. Constructing a quadratic
form of Eq. (10), it is seen that the bounce-average-modified local growth rate yp4 is again

primarily determined from the balance between the first and the second terms on the RHS,
A Ar 1 [ppi
2 a22ng 2Ty 2l [P
YBA Yo Ar n(An) Yo S L*
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Here, a weaker logarithmic dependence is ignored, and kgpp; ~ const is used in the absence
of an analytical prediction of the saturated spectrum. Consequently, the thermal diffusivity
scaling changes to

L pui 1/4
XBANXM( ) .

L.

The thermal diffusity now exhibits a gyro-reduced Bohm scaling to the quarter power. This
scaling is still closer to Bohm rather than gyro-Bohm even though an asymptotic expression
which is valid for high mode number (n > r/qsAr) perturbation has been used. Therefore,
it can be concluded that the simple model presented in the main text illustrates the essential

feature of CTIM turbulence with the minimum mathematical complexity.
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