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Particle-in-cell simulations of Raman laser amplification in ionizing plasmas

Daniel S. Clark∗ and Nathaniel J. Fisch†
Plasma Physics Laboratory, Princeton University, P.O. Box 451, Princeton, New Jersey 08543

(Dated: June 27, 2003)

By using the amplifying laser pulse in a plasma-based backward Raman laser amplifier to generate
the plasma by photoionization of a gas simultaneous with the amplification process, possible insta-
bilities of the pumping laser pulse can be avoided. Particle-in-cell simulations are used to study this
amplification mechanism, and earlier results using more elementary models of the Raman interaction
are verified [D.S.Clark and N.J.Fisch., Phys.Plasmas, 9(6):2772-2780, 2002]. The effects (unique to
amplification in ionizing plasmas and not included in previous simulations) of blue-shifting of the
pump and seed laser pulses and the generation of a wake are observed not significantly to impact the
amplification process. As expected theoretically, the peak output intensity is found to be limited to
I ∼ 1017 W/cm2 by forward Raman scattering of the amplifying seed. The integrity of the ionization
front of the seed pulse against the development of a possible transverse modulation instability is
also demonstrated.

I. INTRODUCTION

A variation on the scheme of backward Raman laser
pulse compression and amplification in plasma [1] has
recently been proposed in the form of ionizing Raman
amplification [2]. In the conventional Raman amplifica-
tion scheme, a long pumping laser pulse is collided in
a preformed plasma slab with a short seed pulse down-
shifted in frequency from the pump by the plasma fre-
quency. The seed pulse serves to stimulate the Raman
backscatter of the pump with the result that, in the non-
linear regime, the seed pulse is strongly amplified and
also compressed temporally. Theoretically, unfocused in-
tensities of 1017 W/cm2 are accessible by this technique
— an improvement of 104−5 over current chirped pulse
amplification techniques. In the ionizing Raman ampli-
fication scheme, in place of a preformed (i.e., ionized)
plasma, a neutral precursor gas is used. Pump inten-
sities below the photoionization threshold for that gas
are then employed with a relatively more intense seed
pulse which acts to photoionize the gas as the seed is
being amplified. Behind the ionization front formed at
the leading edge of the seed pulse, Raman backscatter-
ing of the pump into the amplifying seed pulse occurs as
in the preformed plasma case. Since the low intensity
pump propagates only through the precursor gas, this
scheme has the advantage of avoiding any possible pre-
mature Raman backscatter of the pump from thermal
plasma fluctuations prior to its intended interaction with
the seed, an effect which could degrade or entirely dis-
rupt the amplification process [3]. The added benefit of
suppressing the formation of nonlinear precursors to the
amplifying seed, which could also interrupt amplification,
has also been shown in the presence of ionization. Exper-
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imentally, the preparation of the amplifying medium (in
this case merely a gas of a specified uniform density) may
be far simpler than preparing a plasma of the appropriate
density, temperature, and uniformity needed for ampli-
fication in the conventional scheme. Like the conven-
tional amplification scheme, however, ionizing amplifica-
tion also offers the potential of a more robust amplifier
by separating the optical system into two components:
one component consisting of one or several pump beams
delivering large powers over a wide aperture with low
requirements on optical precision, and a second system
to deliver a higher precision but lower power and smaller
aperture seed pulse to extract and focus the pump energy
[4].

However, carrying out the ionization of the plasma si-
multaneous with amplification introduces its own set of
constraints on the amplifier parameters [5]. Primarily,
the pump must be kept below the photoionization thresh-
old of the gas (I ∼ 1012−13 W/cm2 for hydrogen with
λ = 0.532 µm) and the initial seed must be sufficiently in-
tense rapidly to photoionize the gas (I ∼ 5×1014 W/cm2

for the same case). Constraints must also be satisfied on
the gas density: namely, the gas must be sufficiently ten-
uous that the damping incurred by the seed from ioniza-
tion does not exceed its amplification rate from Raman
backscattering, while it must be sufficiently dense that
the backscatter driven Langmuir wave does not break
in the fully ionized plasma. An approximate window of
0.001 ≤ nn/nc ≤ 0.02 is then available for ionizing am-
plification with λ = 0.532 µm and Ipump ∼ 1013 W/cm2

in hydrogen. Here, nn denotes the number density of
neutrals, and nc is the critical density at the pump laser
frequency. Only hydrogen and helium working gases are
useful for this effect. A detailed discussion of the va-
riety of physical processes which can constrain ionizing
amplification can be found in Ref. [6].

Ref. [5] analyzed these constraints and demonstrated
ionizing Raman amplification numerically using a re-
duced, 3-wave description of the laser and electrostatic
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fields. This paper extends this work by using the particle-
in-cell (PIC) code Zohar [7] to verify these results with
the greater detail and fidelity possible in a PIC code.
Good agreement is found between the PIC and 3-wave
results, and the earlier predictions are validated. Specif-
ically, amplification to unfocused output intensities of
∼ 1017 W/cm2 is shown. The interesting effects of blue-
shifting of the seed (and pump) by the ionization front
and ionization-induced Langmuir wake generation are ob-
served but found not significantly to impact the amplifi-
cation process. The important saturation of the amplifi-
cation by forward Raman scattering (FRS) of the seed,
the same mechanism as expected in a preformed plasma,
is also observed.

This paper is organized as follows. Sec. II presents the
simulation methods and results using Zohar — in partic-
ular, amplification, seed pulse blue-shifting, wake genera-
tion, and saturation. The possibility of using a variety of
initial seed pulse shapes is also shown. Sec. III discusses
the physics of blue-shifting of the pump by the oncoming
ionization front of the seed and its impact on amplifi-

cation. Sec. IV extends the one dimensional results of
the previous sections by discussing a possible two dimen-
sional instability of the seed pulse ionization front and
demonstrating that the narrowing of the ionization layer
with amplification of the seed can act to suppress this
instability. Sec. V then summarizes and concludes.

II. SIMULATION RESULTS

For simulations of Raman amplification in ionizing
plasmas, the Zohar code required modification to include
an ionization package and to run in a “moving window”
mode (i.e., following the amplifying seed pulse). The
photoionization process was modeled simply by assign-
ing to each cell a small number of neutral gas or “ghost”
particles corresponding to bound electrons and ions. Us-
ing the electric field magnitude at the center of each cell,
the photoionization rate was calculated for that cell using
the instantaneous Keldysh formula [8] [24]

w(|a|) ' 4 Ω0

(
UI

UH

)5/2
aH

|a| exp

[
−2

3

(
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UH

)3/2
aH

|a|

]
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where a
.= |e|E/mec ω is the normalized amplitude of the

total laser electric field, UI the ionization potential, UH

the ionization potential of hydrogen, and aH the normal-
ized amplitude of the hydrogenic electric field. Below,
a1, a2, and a3 are used to refer to the normalized ampli-
tudes of the pump, seed, and Langmuir wave envelopes,
respectively. The number of atoms ionized (or electrons
created) in each cell for one computational time-step is
then a binomially distributed random number between
zero and the total number of neutrals in the cell where
the probability of any given atom ionizing is simply the
product of the Keldysh rate and the simulation time-step
[25]. Once the number of electrons ionized is calculated,
an equivalent fixed positive background charge is also in-
troduced, the number of neutral atoms is reduced corre-
spondingly, and the liberated electrons are free to move
under the influence of the local electromagnetic fields.
Attention must also be paid to the fact that electrons
could be born at any time within the computational time-
step ∆t. To include this effect, electrons were assumed to
be born at uniformly distributed random times with ∆t
and then given velocities corresponding to having been
accelerated in the local electromagnetic fields for the ap-
propriate fraction of a time step. Without accounting
for this effect, an unphysical striation of velocity space
would result.

Critical in the study of ionizing Raman amplification
(on account of the relatively long ∼ 3−6 cm length scales

involved) is the damping of the electric fields introduced
by the ionization process. To account for this damping,
for every ionization event the magnitude of the electric
field vector in each cell was reduced so that the local
electric field energy is decreased by the energy required
to free the electron, i.e.,

∆
( |E|2

8π

)
∆x = −UI∆Ne −

∆Ne∑
i=1

ε̃i

where UI is the ionization potential, ∆Ne is the number
of electrons born in a cell of size ∆x and ε̃i represents the
kinetic energy of the electron associated with its birth at
some random time within ∆t. The magnetic field is not
affected by this process. Subsequent to this direct ion-
ization damping, the current resulting from the electrons
accelerating in the electromagnetic field on time scales
longer than ∆t results in the appropriate E · J damping
of the laser pulses.

Note that in fluid codes, ionization damping has pre-
viously been implemented by introducing an “ionization
current” Jion

.= w(|E|)nnUIE/|E| with w(|E|) the ioniza-
tion rate and nn the number density of neutrals [9, 10].
A formulation of such a current appropriate for a PIC
code, however, could not be found. This is a result of the
fact that Jion represents the rate of energy dissipation
(or power) due to ionization and hence must reflect the
time scale of the ionization physics ∆tion ∼ √

2meUI/|eE|
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implicit in |Jion| ∝ ∂tnn ∝ 1/∆tion. Since a PIC code
represents the physics only on a much coarser time scale
∆t � ∆tion, attempting in a consistent and energy con-
serving manner to represent this current within the PIC
framework results in |Jion| ∝ ∆Ne/∆t and an extreme
and artificial reduction of the damping effect. Within
the fluid framework, the current may be formulated as
|Jion| ∝ w(|E|)nn, i.e., without the difficulties of the ion-
ization of discrete electrons over finite time intervals, and
this problem is not encountered.

Again on account of the very long interaction lengths in
ionizing amplification, a moving window was necessary:
PIC calculations involving the full ∼ 10 cm ionization
length with its ∼ 106 cells and ∼ 107 particles — even in
one dimension — are totally unreasonable given current
computing speeds. Shortening the problem to calculating
the behavior of the plasma only in the immediate vicinity
of the amplifying seed is hence required. Such a window
was implemented for Zohar by simply shifting all parti-
cles and grid quantities by one grid space every second
time step to give a window moving at the speed of light
when ∆x = 2c∆t. Speeds slightly less than c, appropri-
ate for following the seed pulse, are selected by simply
not shifting in one out of typically every 200 − 400 time
steps. For runs of several hundred thousand time steps,
care had to be taken in adjusting the window velocity to
keep pace with the ionization front which propagates at a
speed different from the typical seed pulse group velocity
due to group velocity dispersion in the ionizing plasma
and the effect of ionization damping. At the trailing edge
of the simulation window, field quantities and particles
may simply be “discarded” provided charge conservation
is maintained. At the advancing edge of the window,
a uniform loading of neutral gas “ghost” particles is in-
troduced to represent freshly encountered gas. For the
electromagnetic fields, the procedure of extrapolating Bz

and Ex at second order and with this calculating Ey us-
ing the boundary conditions of Sinz [7] was found to be
stable and accurate. For the case of ionizing Raman am-
plification in one dimension, all other field quantities are
zero or ignorable at the advancing boundary.

Note that using a moving window simulation for the
case of ionizing amplification does not amount to any
simplification of the plasma physics of Raman amplifi-
cation in contrast to the case of a preformed plasma.
While in preformed plasmas, the propagation of the
pump across the plasma prior to reaching the seed and
its stability to thermal Raman backscatter is a critical
plasma physics issue deserving of modeling [3], for ioniz-
ing amplification no plasma physics occurs ahead of the
ionization front, and hence nothing is omitted by not in-
cluding this in the PIC modeling.

Fig. 1 shows a comparison of snapshots of the left-
propagating electric field envelope from a simulation run
with Zohar using a moving window and a simulation run
using the simplified 3-wave approximation described in
Ref. [5]. The working gas for this case is hydrogen with
nn = 0.001nc, the pump (not shown) enters the simula-
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FIG. 1: Snapshots comparing seed pulse envelopes from Zo-
har (red) and envelope (green) simulations for ionizing am-
plification in hydrogen with nn = 0.001nc, a1 = 0.0015,
a2(t = 0) = 0.02, and λ = 0.532 µm. The pump (not shown)
enters from the left. Polarizations are linear.

tion box from the left with an amplitude of a1 = 0.0015,
an initial Gaussian seed of amplitude a2 = 0.02 and half-
width 160/k1 is used, and λ = 0.532 µm. Both pulses are
linearly polarized.

The 3-wave simulation (shown in green) displays the
typical broadening of the seed during the linear phase
of amplification followed by the π-pulse shape at later
times characteristic of the nonlinear phase. The steep
ionization front at the leading edge of the seed is ev-
ident throughout. The Zohar result (shown in red)
echos these trends of initial broadening followed by non-
linear narrowing always accompanied by a steep lead-
ing edge. Both simulations reach final intensities of
I ∼ 1.2 × 1017 W/cm2 and pulse widths roughly compa-
rable to the input pulse width. Doubling the number of
particles used in the PIC simulation did not significantly
alter the results, and convergence of the 3-wave result
was verified by repeatedly decreasing the grid spacing.
General agreement is seen between the PIC and 3-wave
results suggesting that conclusions drawn from the sim-
pler 3-wave formulation are indeed valid. The strongest
distinguishing feature between these simulations is the
appearance of a series of slowly growing modulations su-
perimposed on the approximate π-pulse shape of the PIC
results.

Further corroborating the 3-wave model developed in
Ref. [5] are the transverse electron energy distributions
measured from the simulation shown in Fig. 2 for ω1t =
5, 000 and 125, 000. By comparing with the theoretical
distribution given by Burnett and Corkum [11] and used
in Ref. [5] for calculating the ionization damping rate,
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FIG. 2: Comparison of theoretical transverse electron energy
distribution (red) with the distribution measured after the
passing of the seed pulse from the simulation shown in Fig. 1
(blue) for ω1t = 5, 000 and 125, 000.

again good agreement is found. Initially, the measured
electron energy distribution shows best agreement with
theoretical expectations assuming the majority of elec-
trons are born at a laser field strength of a2 ' 0.002.
As should be expected for the early stages of amplifi-
cation when the seed pulse slope is gentle, the typical
birth amplitude corresponds closely to the hydrogen ion-
ization threshold pictured in Fig. 1 of Ref. [5]. At later
times, when the seed pulse has steepened due to ioniza-
tion damping, the characteristic field at which the major-
ity of electrons is born should be given by the estimates
of Ref. [5]. As can be seen for ω1t = 125, 000, using this
estimated characteristic amplitude of a∗ ' 0.015, the
measured electron energy spectrum again agrees closely
with the theoretical spectrum.

An insight into the origin of the seed pulse modulations
in Fig. 1 is gained by inspecting the kx spectra shown in
Fig. 3. The power spectrum of right-propagating energy
(i.e., in the direction of the pump) is shown in blue, the
spectrum of left-propagating energy (in the direction of
the seed) is shown in green, and the spectrum of the lon-
gitudinal electric field (i.e., the Langmuir wave) is shown
in red. Even for the relatively early time ω1t = 2.4×105,
a substantial blue-shifted wing is evident in the left-
propagating spectrum which continues to broaden and
grow in amplitude until ω1t ∼ 7×105. This up-shift in kx

is the well-known blue-shift expected for an ionizing laser
pulse resulting from the continuous co-propagation of the
laser field with the density inhomogeneity of the ioniza-
tion front [9, 12]. Though not resolved due to the low
temporal sampling rate used, a blue-shift in frequency
can also be expected due to the ionization front. Also
evident is the driven Langmuir wave at k ' 2.0 ω1/c and
a broadening of the peak in the left-propagating spec-
trum which is consonant with the spatial narrowing of
the amplifying seed pulse. The growing signal in the lon-
gitudinal electric field at very small k’s will be discussed
below.

The result of separating the blue-shifted and remain-
ing “red” component of the left-propagating spectrum
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FIG. 3: Snapshots of the kx spectrum from the Zohar simula-
tion shown in Fig. 1. The right-propagating power spectrum
is shown in blue, the left-propagating spectrum in green, and
the spectrum of the longitudinal electric field is shown in red.

is shown in Fig. 4. With the blue-shifted component fil-

0

0.05

0.1

0.15

a
2

ω
1
 t =15000 ω

1
 t =180000

0

0.05

0.1

a
2

ω
1
 t =360000 ω

1
 t =540000

0 500 1000
0

0.05

0.1

k (c t + x)

a
2

ω
1
 t =720000

0 500 1000
k (c t + x)

ω
1
 t =900000

3−wave
result

PIC blue−shifted
component 

PIC "red"
component 

FIG. 4: Snapshots of the filtered seed pulse envelope from the
Zohar simulation shown in Fig. 1. The blue-shifted compo-
nent of the left-propagating field is shown in blue, and the
unshifted “red” component is shown in red. For comparison,
the result of the 3-wave simulation is repeated in green.

tered from the signal, the agreement between 3-wave and
PIC simulations is seen to be quite close. The agreement
confirms both the origin of the seed modulations in the
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ionization-induced blue-shift and again the validity of the
3-wave model in describing ionizing amplification. Note,
however, that a “notching” appears in the peak of the
PIC result for ω1t ∼ 9 × 105.

Running the simulation further, as shown in Fig. 5
without filtering, shows this notch growing into a strong
modulation of the seed. The π-pulse is no longer main-
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FIG. 5: Snapshots of the late time evolution of the Zohar
simulation shown in Fig. 1. The seed envelope is shown in
green, and the pump and Langmuir wave envelopes (both
multiplied by 10× for clarity) are shown in blue and red,
respectively.

tained, the pump is no longer depleted, and saturation of
the amplifying effect is evident. The strong spike in the
left-propagating spectrum (Fig. 3) down-shifted by ap-
proximately ωpe/c from the main peak for ω1t ≥ 9.6×105

suggest this to be forward Raman scattering (FRS) of
the amplifying seed. That the time of appearance of this
signal is approximately the linear growth time for di-
rectly forward (i.e., one dimensional) Raman scattering
of the seed, ω1/γFRS ∼ (ω1/ωpe)2/a1 ∼ 6.7× 105, corrob-
orates this. Simultaneously, the broader sidebands near
k′ ' k2(1 ± a2) ' k2(1 ± 0.1) are the characteristic sig-
nature of the modulational instability of the seed with
the growth time ω1/γmod ∼ (ω1/ωpe)/a

4/3
1 ∼ 5.1 × 105

[13]. A coupling between the ionization-induced blue-
shift and the later forward Raman scattering and modu-
lational instabilities is also possible. Note that the obser-
vation of saturation of ionizing amplification by FRS and
modulation (the same saturation mechanisms expected
for Raman amplification in preformed plasmas [1, 14])
confirms that output intensities comparable to those ex-
pected for the conventional Raman amplification scheme
can be achieved by the ionizing scheme.

In Fig. 6 are shown snapshots of the complete longitu-
dinal electric field. Initially, up to ω1t = 4.4 × 105, the
resonant Langmuir wave takes on the envelope shape ex-
pected for 3-wave coupling and π-pulse-type behavior be-
hind the ionization front. After ω1t = 6.5×105, however,
a Langmuir wake begins to form due to the discontinuity
at the ionization front [15, 16] and by ωt = 1.2× 106 has
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FIG. 6: Snapshots of the complete (i.e., not enveloped) lon-
gitudinal electric field from the Zohar simulation shown in
Fig. 1.

strongly suppressed the component of the Langmuir wave
field resonant for Raman backscattering. Fortunately
from the perspective of amplification, this suppression
occurs only at times comparable to or after the devel-
opment of FRS or modulational instabilities and the net
amplification of the seed is not then degraded. Wake for-
mation is evident in the longitudinal kx spectrum (Fig. 3)
as a growing signal at kx ' ωpe/c ' 0.032 ω1/c. Note,
however, that the spectral location of this Langmuir wave
is effectively indistinguishable from the Langmuir wave
that would be driven by FRS of the seed pulse, also at
kx ' ωpe/c. In effect these instabilities are equivalent.

Repeating the simulation shown in Fig. 1 but increas-
ing the density up to nn = 0.003 nc yielded similar ampli-
fication results. A density of nn = 0.005 nc appeared to
be the threshold above which such an initial seed would
be extinguished due to ionization damping before am-
plifying. Likewise, simulations with λ = 1.064 µm and
densities up to nn = 0.003 nc showed successful ampli-
fication. Notably shorter wavelength ionization-induced
modulations appeared on the seed pulses for this longer
pump wavelength than those visible in Fig. 1, as was also
the case for the higher density simulations.

Initial seed pulse shapes other than the Gaussian
shown in Fig. 1 may prove more optimal for ionizing
amplification. In Fig. 7 is shown the amplification of
a trapezoidal initial seed of peak amplitude a2 = 0.007,
i.e., just above the threshold for rapid photoionization
with linear polarization. Again, the working gas is hydro-
gen with nn = 0.001nc, a1 = 0.0015, and λ = 0.532 µm.
Despite its relatively low amplitude, the large integrated
energy of this longer seed enables it to withstand the
photoionization damping for a sufficient length of time
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FIG. 7: Snapshots from a Zohar simulation for ionizing am-
plification in hydrogen with nn = 0.001nc, a1 = 0.0015,
a2(t = 0) = 0.007, and λ = 0.532 µm. In this case the seed
pulse is initially trapezoidal in shape instead of Gaussian. The
seed envelope is shown in green, and the pump and Langmuir
wave envelopes (again, both multiplied by 10× for clarity) are
shown in blue and red, respectively. Polarizations are linear.

until the nonlinear phase of Raman amplification has re-
plenished the leading edge of the seed and a robust, am-
plifying π-pulse has formed. A net amplification by a
factor of ∼ 400 in intensity to I ∼ 1.2 × 1017 W/cm2 is
then achieved. As shown in Ref. [5], the initial seed pulse
shape required to obtain the amplifying and contracting
π-pulse shape is much less stringently constrained in the
case of ionizing amplification than it is for amplification
in a preformed plasma. While for Gaussian seeds a min-
imum pulse half-width of approximately 160/k1 and ini-
tial amplitude a2(t = 0) = 0.01 were found necessary in
the simulations for amplification to occur, a great variety
of elongated, lower amplitude pulses could be workable
for amplification.

III. BLUE-SHIFTING OF THE PUMP

In addition to the blue-shift experience by the seed
pulse in its co-propagation with the ionization front, a
blue-shift of the pump pulse also occurs as it propagates
through the oncoming ionization front in an ionizing am-
plifier. The degree of shift for this process may be calcu-
lated by considering (similar to the argument of Ref. [12])
the propagation of an electromagnetic wave through a

moving linear electron density ramp

ne(x, t) =




0 , x + ct < 0
(nmax/∆)(x + ct) , 0 < x + ct < ∆

nmax , ∆ < x + ct

which approximates the density profile generated by ion-
ization at the leading edge of the intense seed pulse. Here
∆ is the width of the ionization layer determined by the
properties of the ionizing seed pulse. When damping is
neglected, the electric field amplitude of the pump satis-
fies the equation

(
∂2

t − c2∂2
x

)
E = −ω2

pe,max

ne

nmax

E

where ne is the local electron number density, and nmax

is the number density when the plasma is fully ionized.
In terms of the usual moving coordinate ξ

.= x + ct, on
the domain 0 < ξ < ∆, this becomes

(
∂2

t − 2 c∂ξt

)
E = −ω2

pe,max

ξ

∆
E (2)

where the right-moving wave boundary condition at ξ =
0 requires

E(ξ = 0, t) = E0 exp[iω0(t − x/c)]|x+ct=0

= E0 exp(2iω0t) .

Decomposing the electric field into an envelope and a
rapidly oscillating phase, E(ξ, t) = Ẽ(ξ) exp(2iω0t) with
Ẽ(0) = E0, then Eq. (2) takes the form

(−4ω2
0 + 4icω0∂ξ

)
Ẽ = −ω2

pe,max

ξ

∆
Ẽ

with the straightforward solution

Ẽ = E0 exp
[
i
ω0

c
ξ

(
nmax

8nc

ξ

∆
− 1
)]

.

Returning to the physical field E(ξ, t) and using the def-
initions of frequency and wave number leads to

ω ≡ ∂

∂t
Im ln(E/E0)

= ω0

(
1 +

nmax

4nc

x + ct

∆

)

and

k ≡ − ∂

∂x
Im ln(E/E0)

=
ω0

c

(
1 − nmax

4nc

x + ct

∆

)
.

That is, upon exiting the ionization layer (ξ = ∆), a
frequency blue-shift of ∆ω = ω0(nmax/4nc) is achieved.
The down-shift in k (as opposed to up-shift in ω) should
be expected given that the pump is propagating into a
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region of higher ne, and hence higher phase velocity, re-
sulting in a stretching of the pulse.

An alternate derivation of this result may be found by
following the procedure of Ref. [17] which considered the
transmission and reflection of an electromagnetic wave
from a sharp (i.e., ∆ → 0) moving discontinuity in the
electron density of a plasma, as at an ionization or re-
combination front. In the frame traveling with the front,
the discontinuity is stationary and hence the frequencies
of the incident, transmitted, and reflected waves must be
equal, ωi = ωt = ωr ≡ ω. Taking the incident wave to
impinge on the discontinuity from the left from vacuum,
the corresponding wavenumbers are

ki = −kr =
ω

c
kt =

ω

c

√
1 − ω2

pe

ω2
.

Lorentz transforming to the frame in which the discon-
tinuity travels with velocity cβ to the left (the “lab” or
primed frame) [18], the incident and transmitted frequen-
cies become

ω′
i = γ(ω − cβki) = ωγ(1 − β)

ω′
t = γ(ω − cβkt) = ωγ

(
1 − β

√
1 − ω2

pe

ω2

)

and the wavenumbers are

k′
i = γ(ki − βω/c) = γ

ω

c
(1 − β)

k′
t = γ(kt − βω/c) = γ

ω

c

(√
1 − ω2

pe

ω2
− β

)

where γ is the relativistic factor. It should be noted that
ω2

pe = ω2 + c2k2 is a Lorentz scalar and hence ω′
pe =

ωpe. Denoting the incident frequency in the stationary
frame as ω0 ≡ ω′

i (as in the preceding calculation), the
frequency in the moving frame is given by

ω = ω0/γ(1 − β)

and

ω2
pe

ω2
=

ω2
pe

ω2
0

γ2(1 − β)2 ≡ ne

nc

1 − β

1 + β
.

The frequency and wavenumber shifts are then

ω′
t =

ω′
i

1 − β

(
1 − β

√
1 − ne

nc

1 − β

1 + β

)

→ ω0

(
1 +

ne

4nc

)
, β → 1

and

k′
t =

k′
i

1 − β

(√
1 − ne

nc

1 − β

1 + β
− β

)

→ ω0

c

(
1 − ne

4nc

)
, β → 1 ,

i.e., exactly the result as before.
In the case of ionizing Raman amplification, for a

pump of (vacuum) frequency ω0 launched into a gas
which, when ionized, supports ωpe = ω0

√
ne/nc, passage

through the on-coming ionization front of the seed yields
an effective pump frequency of ω1 = ω0(1+ne/4nc). The
Raman resonance condition (neglecting thermal correc-
tions and taking β = 1) then requires a seed of frequency

ω2 = ω1 − ωpe

= ω0

(
1 +

ne

4nc
−
√

ne

nc

)
.

Examples of the magnitude of up-shift in the seed fre-
quency required for various gas densities are given in
Table I. For nn ∼ 0.01nc, simulations run with Zohar
showed noticeably stronger Raman coupling when the
effect of this blue-shift was taken into account as com-
pared to selecting the resonance by considering only the
peak plasma density. For the more typical nn ∼ 0.001nc,
however, this effect is negligible.

The frequency up-shift of the pump as it encounters the
ionization front in an ionizing Raman amplifier might ap-
pear to suggest itself as a means of properly selecting the
Raman resonance between the pump and the seed merely
by adjusting the plasma density. That is, lasers of the
same frequency could be used for both the pump and seed
pulses with the pump being “tuned” to the appropriate
Raman frequency automatically by it ionization up-shift.
Regrettably, satisfying this condition amounts to

ω0 = ω0

(
1 +

ne

4nc
−
√

ne

nc

)

or the nonsensical requirement ne/nc = 16.

IV. TRANSVERSE IONIZATION FRONT
STABILITY

The preceding sections have verified the initial predic-
tions of ionizing Raman amplification from 3-wave sim-
ulations with the greater detail and rigor of PIC simula-
tions. All of these results, however, have considered only
one spatial dimension and neglected the transverse dy-
namics of the laser pulse. Beyond these one dimensional
results, of particular concern is the integrity of the seed
pulse to an instability identified in Ref. [19] in which the
nonlinear field strength dependence in the Keldysh for-
mula results in a transverse modulation of the front of
an ionizing laser pulse. If the growth length of this in-
stability proves to be shorter than that for FRS or mod-
ulational instabilities of the seed, then a new (purely two
dimensional) mechanism could limit the maximum out-
put intensity for ionizing amplification.

The physical mechanism of this instability can be seen
as follows. Any initial transverse perturbation of the laser
intensity results in an accompanying perturbation of the
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TABLE I: Example Resonant Seed Frequencies including Pump Blue-Shift

ne/nc ω2/ω0(shifted) ω2/ω0(unshifted)

0.001 0.9686 0.9684

0.002 0.9558 0.9553

0.003 0.9460 0.9452

0.004 0.9378 0.9368

0.005 0.9305 0.9293

0.010 0.9025 0.9000

electron density following photoionization. The regions
of higher electron density can be expected to refract the
laser field away from these perturbed regions and lead to
lower field intensities and lower ionization rates with a
subsequent stabilization of the instability. However, the
perturbations imprinted in the electron density, also serve
to scatter the laser field. For the appropriate transverse
wave vector, this scattered field can act to reinforce the
initial field perturbations enhancing the ionization rate
and hence amplifying the scattered laser field. An expo-
nential instability thus results.

Neglecting the space and time dependence of the back-
ground pulse amplitude a(x, t) and density ne(x, t) so as
to derive a dispersion relation, Ref. [19] show that the
local gain for this instability is approximately given by

G =
ωpe

c

√
κ

k2

(
ξ − k2

⊥
2k2

2

x

)
x − w(|a|)

c

(
ξ − k2

⊥
2k2

2

x

)
(3)

where

ξ
.= ct−x ≥ k2

⊥
2k2

2

x and κ
.=
|a|
2c

(
1 − ne(x)

nmax

)
∂w(|a|)

∂|a| .

Noting that, for a fixed point in the pulse frame (ξ =
const.) the modulation first grows but eventually decays
as the pulse propagates and x increases, the instability is
seen to be convective in the pulse frame. Hence, at least
linearly and within the approximations above, a finite
amount of exponentiation can be expected for any initial
modulations at any point within the pulse. Further, since
the instability can only develop within a layer of width ∆
where the plasma is being ionized, the global maximum
exponentiation of an initial seed modulation for the entire
pulse is simply given by the maximum of G(ξ, x) over
the domain 0 ≤ ξ ≤ ∆. By the method of Lagrange
multipliers, this maximum is found to be

max
ξ,x

G(ξ, x) =
w(|a|)

c

[
α
√

β(1 − β) − (1 − β)
]
∆ (4)

with

α =
ωpe

w(|a|)
k2

k⊥

√
2

κ

k2

β =
1

2(1 + α−2)

[
1 +

√
1 − 1

1 + α−2

]−1

.

Roughly, noting that the gain is maximized for k⊥ ∼
ωpe/c and that κ ∼ w(|a|)/c with k2 ∼ ω/c, then

α ∼
√

2 ω

w(|a|) and β ∼
{

(1 + α−1)/2 , α � 1
(1 + α2)−1 , α � 1

so that

max
ξ,x

G ∼
{

(∆/c)
√

ωw(|a|)/2 , α � 1
(ω/c)∆ , α � 1

.

Hence, the maximum degree of exponentiation anywhere
in the pulse is evidently directly controlled by the width
of the ionization layer ∆.

An estimate of the ionization layer width ∆ may be
found as follows. For a laser pulse propagating in a mono-
electronic gas of ionization potential UI , the laser pulse
envelope obeys the equation

nc
mec

2

2
(∂t − c ∂x) |a|2 = −(UI + 〈ε〉) ∂t ne , (5)

while the electron and neutral densities evolve according
to

∂t ne = nn w(|a|) and ∂t nn = −nn w(|a|) . (6)

Again w(|a|) is the Keldysh tunneling photoionization
rate, Eq. (1) [26], and 〈ε〉 denotes the oscillation energy
acquired by the electrons born in the laser field. The
effect of laser pulse dispersion due to the varying plasma
density is neglected here.

Defining the more convenient variable y
.= β′/a with

β′ .= (2/3)(UI/UH)3/2aH and approximating 〈ε〉 ∼ UI ,
Eqs. (5) and (6) may be combined into a single equation

0 = yξζ +
(

1 − 4
y

)
yξyζ +

1
ε′

ye−yyζ (7)

with

ξ
.= ω

(x

c
+ t
)

ζ
.= −ω

c
x ε′ .=

ωβ′

w0
� 1 .

Here w0
.= 4

√
3/π Ω0(UI/UH)7/4√aH , and subscripts

denote partial differentiation. Eq. (7) is to be solved
on the (moving) domain ξ > 0 and ζ > 0 with the initial
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condition a(x, t = 0) = ainit(ξ) and boundary condition
that the laser pulse continually encounters fresh gas at
ξ = 0, i.e., nn(ξ = 0, ζ) = nmax.

An approximate solution of Eq. (7) may be found us-
ing a boundary layer technique which exploits the small-
ness of ε′ [20]. From the initial condition a(x, t = 0) =
ainit(ξ),the lowest order solution in ε′ is simply

aout(ξ, ζ) = ainit(ξ)

i.e., the initial pulse shape, unperturbed by ionization.
However, to satisfy the boundary condition at ξ = 0 re-
quires

1 =
nn

nmax

∣∣∣∣
ξ→0

= − (a2)ζ

R(a)

∣∣∣∣
ξ→0

=⇒ aζ ∼ − R(a)
2a

∣∣∣∣
ξ→0

where R(a) .= (nmax/nc)(2UI/mec
2)w(|a|)/ω. Since the

lowest order solution cannot accommodate this boundary
condition, a boundary layer must form at ξ = 0.

Within the boundary layer, the derivatives in ξ domi-
nate, so that the boundary layer behavior is give by the
approximate equation

0 = yξζ +
(

1 − 4
y

)
yξyζ .

Integrating this equation yields

yin = F−1

[
f(ξ) +

ε

2ε′(β′)2
ζ + F

(
β′

ainit(ξ)

)]

where

F (x) .=
∫ x et

t4
dt and ε

.=
nmax

nc

2UI

mec2
.

The function f(ξ) must be determined by matching to-
gether the inner and outer solutions. The matching
yin = yout is accomplished automatically along the line
ζ = −(2ε′/ε)(β′)2f(ξ), but yin,ξ = yout,ξ can simultane-
ously be satisfied along that line only for the degener-
ate case f(ξ) = 0. Since these solutions cannot then be
matched together in the usual manner, a nested bound-
ary layer must form between them representing the steep-
est part of the ionization front of the laser pulse.

Without treating the details of this nested boundary
layer, a simpler and more accurate approximate solu-
tion may be found by appealing to energy conserva-
tion. Neglecting the nested boundary layer, yin may
be matched directly to yout by choosing f(ξ) so that
0 = f(ξ) + (ε/2ε′)ζ/(β′)2 is the trajectory of the match-
ing layer. Conservation of energy up to this boundary
then requires

ε ζ '
∫ ξmatch

0

dξ a2
init(ξ) .

That is, the energy invested in ionizing the gas nmaxUIx ∝
εζ must approximately balance the energy contained in

the pulse up to the point ξmatch at which boundary layer
matches to the unperturbed initial pulse shape. With
this ansatz, the equation for the matching layer trajec-
tory takes the form

f(ξ) = − ε ζ

2ε′(β′)2

= − 1
2ε′(β′)2

∫ ξ

0

dξa2
init(ξ) .

For the typical case of a Gaussian initial seed ainit =
a0 exp[−(ξ − ξ0)2/2σ2] and a0 � β′, then

f(ξ) = − w0

2ω(β′)3
σa2

0

√
π

2

[
erf
(

ξ − ξ0

σ

)
+ erf

(
ξ0

σ

)]
.

(8)
It should be emphasized that this approximation is valid
only for laser pulses much more intense than the pho-
toionization threshold, i.e., it is not valid during the
early stages of amplification when the pulse is only just
above threshold, but improves in accuracy as the pulse
amplifies. A comparison of this solution and a numer-
ical solution of Eqs. (5) and (6) is shown in Fig. 8 for
λ = 0.532 µm and a0 = 0.02. The agreement between
the analytical and numerical results is reasonable.

0
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0.015
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ω
1
 t =0 ω

1
 t =85000

0 200 400 600 800
0

0.005

0.01

0.015

k (c t + x)

a 2

ω
1
 t =295000

0 200 400 600 800

ω
1
 t =405000

k (c t + x)

FIG. 8: Comparison of the analytic calculation (red) of the
ionization boundary layer shape for an initially Gaussian pulse
with the results of numerically integrating Eqs. (5) and (6)
(blue) for selected times.

Using the small argument approximation of the error
function, erf(x) ' 2x/

√
π [21], from Eq. (8) the width of

the ionization layer is found to scale (again, for a0 � β′)
as

ω

c
∆ ∼ 2

ω

w0

(β′)3

a2
0

∝ U2
I

ω a2
0

or, noting nc ∝ ω2,

ω

c
∆ ∝ U2

I

a2
0

√
ne

nc
(9)
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ity, low amplitude random perturbations were added to
the initial seed pulse; without this seeding, no transverse
modulations developed.

At t = 4 ps, the seed perturbations (initially invisible
on this scale) are seen to have grown substantially with
the dominant mode corresponding to k⊥ ∼ k2/10. This
result agrees with the predictions of Ref. [19] that the lin-
ear growth rate is maximized for k⊥ ∼ c/ωpe ∼ k2/10 for
these parameters. At later times (t = 9 ps and 13 ps), the
modulations develop a highly spiked structure as seen in
the simulations of Ref. [22]. More importantly, however,
in agreement with Eq. (9), as the seed pulse amplifies
the ionization layer (visible in the figure as the region in
which the perturbations are growing) is seen to narrow.
By t = 18 ps, the ionization layer has narrowed to the
point that the instability is essentially completely sup-
pressed, and at later times the amplification proceeds es-
sentially as in the one dimensional case. Despite having
chosen parameters favorable to the development of in-
stability, no catastrophic breakup of the pulse is evident.
Further, from similar simulations, the development and
saturation of the instability was observed to be indepen-
dent of the amplitude of the initial seed perturbations
provided they are small (less than 10%) in comparison
with the background seed amplitude. From these results,
due to the narrowing of the ionization layer with ampli-
fication, the instability of Antonsen and Bian does not
appear to endanger ionizing amplification.

V. CONCLUSIONS

In summary, PIC simulations of ionizing Raman am-
plification have been presented showing good agreement

with previous results based on simplified 3-wave calcu-
lations. The peak unfocused output intensity for ion-
izing amplification was verified to be limited to I ∼
1017 W/cm2 (as in the conventional preformed plasma
case) by forward Raman scattering of the amplifying
seed. The effects of blue-shifting of the seed in the ion-
ization layer and ionization-induced formation of a Lang-
muir wake were also observed but found not significantly
to affect the seed amplification. Additionally, the blue-
shifting of the pump laser pulse in propagating through
the ionization front of the oncoming seed pulse was shown
to have only a small effect for the gas densities of interest
in amplification. Finally, it was shown that, due to the
narrowing of the ionization layer with amplification of
the seed pulse, the transverse ionization front instability
identified by Antonsen and Bian should be suppressed in
an ionizing Raman amplifier and not disrupt amplifica-
tion of the seed. This stabilization with amplification was
confirmed by two dimensional simulations using the F3D
code in which small perturbations of the seed pulse front
were initially observed to grow but then be suppressed
as the ionization layer narrowed.
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