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Abstract. Results of three-dimensional numerical simulations of field-reversed configurations (FRCs) are pre-
sented. Emphasis of this work is on the nonlinear evolution of magnetohydrodynamic (MHD) instabilities in
kinetic FRCs, and the new FRC formation method by the counter-helicity spheromak merging. Kinetic simula-
tions show nonlinear saturation of the n = 1 tilt mode, where n is the toroidal mode number. The n = 2 andn = 3
rotational modes are observed to grow during the nonlinear phase of the tilt instability due to the ion spin-up in
the toroidal direction. The ion toroidal spin-up is shown to be related to the resistive decay of the internal flux,
and the resulting loss of particle confinement. Three-dimensional MHD simulations of counter-helicity spheromak
merging and FRC formation show good agreement with results from the SSX-FRC experiment. Simulations show
formation of an FRC in about 30 Alfvén times for typical experimental parameters. The growth rate of then = 1
tilt mode is shown to be significantly reduced compared to the MHD growth rate due to the large plasma viscosity
and field-line-tying effects.

1. Introduction

The field-reversed configuration (FRC) is a compact toroid with little or no toroidal field. It
offers a unique fusion reactor potential because of its compact and simple geometry, translation
properties, and high plasma beta. At present, the most important issues are FRC stability with
respect to low-n (toroidal mode number) MHD modes, and the development of new FRC for-
mation and current drive methods.

The traditional theta-pinch formation method usually produces highly kinetic FRCs with rel-
atively low flux, small S* (the FRC kinetic parameter, S*, is the ratio of the separatrix radius
to the ion skin depth) and large elongation, £/. A theoretical understanding of the observed
FRC stability properties has proven to be elusive, due to the complicated interplay of several
non-ideal MHD effects [1,2], including finite Larmor radius (FLR) effects, the Hall term, and
plasma flow effects. Advanced numerical simulations are required for the self-consistent inves-
tigation of the stability properties of kinetic FRCs. Results of such simulations are presented in
this paper.

A slow FRC formation technique, based on counter-helicity spheromak merging demonstrated
the advantage of this approach compared with traditional theta-pinch formation methods [3].
The counter-helicity spheromak merging method allows forming the configuration with large



S*, thus permitting experimental studies of large-S* FRC stability properties [3,4]. The SSX-
FRC experiment [4] is designed to study FRC formation by the counter-helicity spheromak
merging method, and to examine the general issue of FRC stability at large S*. Three-dimensional
MHD simulations have been performed in support of the SSX-FRC experiment, and show very
good agreement with the experimental results.

2. Study of FRC nonlinear stability properties

Numerical studies of the nonlinear evolution of magnetohydrodynamic (MHD) instabilities in
kinetic FRCs has been performed using the 3D nonlinear hybrid and MHD simulation code
HYM [1]. The stability properties of MHD modes with toroidal mode numbers n > 1 are
investigated, including finite ion Larmor radius (FLR) and rotation effects, and finite electron
pressure. It has been demonstrated that due to strong FLR stabilization of the higher-n modes,
the n = 1 tilt mode is most unstable mode for nearly all experimentally-relevant non-rotating
FRC equilibria [1]. An empirical FLR scaling of the tilt mode growth rate has been obtained:
v = CVa/R,E exp(—3Ep;/Ry), where Y,ng = CVa/R E is the MHD growth rate, F is the
separatrix elongation, p; is ion thermal Larmor radius, and C' =~ 2 is a constant.
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Figure 1: Time evolution of the n = 0 — 4 Figure 2: Contour plots of the ion density per-
Fourier harmonics of the ion kinetic energy ob- turbation at the FRC cross section of the max-
tained from hybrid simulations with E = 6.25 imum perturbation amplitude at t = 60ty
and S* = 20. (|on/n| < 0.2) and t = 76t4 (|0n/n| < 0.4).

Nonlinear kinetic simulations performed for a set of FRC equilibria with £ = 4 — 6 and
S* = 10 — 80 show that the n = 1 tilt mode saturates nonlinearly without destroying the
configuration, provided the FRC kinetic parameter is sufficiently small, S* < 20. In the initial
configurations, all of the equilibrium toroidal current is assumed to be carried by the electrons,
and the ions have a non-rotating Maxwellian distribution, which is consistent with experimental
conditions just after FRC formation. However, as the simulation proceeds, the ions gradually
begin to rotate toroidally, and near the end of the simulation run the ion toroidal flow velocity
becomes comparable to the ion diamagnetic velocity.

Therefore the saturation of the tilt instability occurs in the presence of ion toroidal spin-up,
and it is accompanied by the growth of the n=2 rotational mode, which is often seen in experi-
ments [2]. The saturation of the n = 1 tilt mode and the growth of the n = 2 rotational mode
can be seen in Figs. 1 and 2, where the results of nonlinear hybrid simulations are shown for



a configuration with £/ = 6.25 and S* ~ 20 (for comparison, the parameters for typical theta-
pinch FRC experiment are £ = 5 — 8 and 5™ < 20 [2]).

A set of 2D (axisymmetric) nonlinear hybrid simulations has been performed in order to study
the resistive evolution of the kinetic FRC. Analysis of the simulation results show that the ion
toroidal spin-up is related to the resistive decay of the internal flux, and the resulting loss of
weakly confined particles. An approximate confinement condition can be written as: p, > 0,
where p, = Rv, —e/mya) is the ion canonical toroidal angular momentum, and ¢ is the poloidal
flux (¢ < 0 inside the separatrix). Weakly confined particles, which have small initial toroidal
angular momentum p, < |A)| will be lost from the closed-field-line region, when the magni-
tude of the trapped flux 1, decreases by Aw. Since most of the particles with small p, have
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Figure 3: (a) Time evolution of the normalized angular momentum of all ions, and the ions
inside the separatrix; (b) maximum value of the ion toroidal flow velocity obtained from 2D
hybrid simulations with S* = 20 and E = 4.

negative toroidal velocity, the particle loss results in the net flux of the negative momentum
away from the separatrix region, and therefore there is a net positive ion rotation inside the
separatrix (with the ion flow velocity in the current direction).

Figures 3a shows the time evolution of the toroidal angular momentum of all ions, and the
ions inside the separatrix region. It can be seen that the net angular momentum is approxi-
mately conserved due to imposed periodic boundary conditions in z-direction. In contrast, the
angular momentum of the part of the plasma confined inside the separatrix is positive and in-
creases in time as the configuration decays. Here the Alfvén time is defined as t4 = R./Va,
where R?. is the radius of the flux conserving shell, and V4 is the characteristic Alfvén velocity.
The maximum value of the ion flow velocity is plotted in Fig. 3b. The peak value of V; is about
0.2-0.3 V4, which is comparable to the ion diamagnetic velocity for S* = 20. In the final state,
the ions carry a significant fraction of the total current.

Both 2D and 3D simulations with zero initial ion rotation demonstrate the formation of an
approximately rigid-rotor rotation profile inside the separatrix in about 40-60 Alfvén times, de-
pending on the plasma resistivity. Poloidal contour plots and radial profiles of ion toroidal flow
velocity are shown in Fig. 4. The linear velocity profile (V, ~ R) suggests that the distribution
function f; of the ions inside the separatrix evolves towards an exponential rigid-rotor distribu-
tion function, which is a shifted local Maxwellian distribution. The evolution of f; towards a
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Figure 4b: Radial profiles of the ion
toroidal flow velocity at the FRC mid-
plane at t = 20, 40, and 80t 4. The sepa-
ratrix radius is Rs/ R, ~ 0.6.
Maxwellian distribution in the collisionless model in the absence of 3D instabilities indicates
that the stochasticity of the ion orbits plays a significant role in the FRC relaxation.

Figure 4a: Contour plots of the ion toroidal velocity
in the r — z plane at t = 40 and t = 80t 4 from 2D
hybrid simulations with S* = 20 and E = 4.

Figure 4 shows that the ion flow velocity changes its sign outside the separatrix, and there
is significant velocity gradient close to the separatrix at the plasma edge. The n =2 and n = 3
rotational instabilities are found to be localized in the vicinity of maximum velocity shear near
the edge, and have a similar structure to the external modes. Growth rates of the rotational
modes are found to be larger in the smaller-S*, more kinetic configurations. The details of the
ion toroidal spin-up determine the nonlinear evolution of these instabilities.

3. Counter-helicity spheromak merging simulations

The SSX-FRC experiment is designed to study the new FRC formation method by counter-
helicity spheromak merging, and the FRC stability properties for large values of S*. In addi-
tion, the effects of the residual (axially-antisymmetric) toroidal field on macroscopic stability
properties are being studied. Experimental results demonstrate the formation of the FRC-like
configuration with S* > 35, and indicate the presence of the global n = 1 instability, consistent
with the tilt-mode instability [4]. However, the observed growth rate of this instability is smaller
by a factor of 6-8 than that of the ideal MHD growth rate. In addition, the experimental for-
mation studies consistently show the presence of an axially-antisymmetric toroidal field, which
does not completely annihilate during the reconnection. The underlying reasons for this are not
understood. Numerical simulations using the HYM code have been performed to investigate
this issues, and study 3D spheromak merging for experimentally-relevant parameters.

3.1. Axisymmetric simulations

Two- and three-dimensional MHD simulations show good agreement with experimental results.
Simulations show formation of an FRC in about 30 Alfvén times for typical experimental pa-
rameters. Large toroidal and poloidal flows with flow velocity up to ~ 0.5 — 1V 4 (based on the
edge field) are generated during the reconnection phase. The plasma pressure is significantly
increased by Ohmic and viscous heating, and the FRC-like pressure profile is formed due to
convective transport by poloidal flows [6]. The flow velocity reduces by an order-of-magnitude
after the FRC formation is completed.



Axisymmetric simulations of counter-helicity spheromak merging have been performed in order
to study the dependence of the reconnection rate and the toroidal field annihilation on values
of plasma resistivity and viscosity. The SSX-FRC experimental parameters for 7; = 12eV,
n = 10%cm=3 and V4 = 7-10*m/s, are as follows: S ~ 900, so that the resistivity is n ~ 1073,
and an estimate for the viscosity coefficient is 4 = 2 - 1072 — 1072, (Here the MHD normal-
ization is used, i.e. n = 1/S and pr = 1/Re, where S is the Lundquist number, and Re is the
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Figure 5: Time evolution of (a) normalized kinetic energy and (b) magnetic energy obtained
from 2D MHD simulations of counter-helicity spheromak merging for p = 0.001 and several
values of resistivity.
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Figure 6: Time evolution of (a) normalized kinetic energy and (b) magnetic energy (total and
toroidal) obtained from 2D MHD simulations for 1 = 0.001 and several values of viscosity.

Figure 5 shows the results of five MHD simulation runs performed for values of = 2.5-107%—
4-1073 and g = 1073, It can be seen that the time for a complete reconnection depends weakly
on the resistivity (this time can be approximately determined by the strong reduction in the ki-
netic energy). Thus the reconnection is completed and the FRC forms in about 207 4 for larger
values of 7, and in 25-30% 4 for smaller 7). This is consistent with previous theoretical studies
of driven magnetic reconnection [5,6]. On the other hand, the details of the time evolution of
the plasma kinetic energy (Fig. 5a) and magnetic energy (Fig. 5b) vary strongly with 1. For
larger values of 7, the kinetic energy peaks at ¢ ~ 54, and the flow velocity (mostly toroidal)
increases with 7. This initial increase in the kinetic energy is caused by the force imbalance
present in the initial conditions. In smaller resistivity cases (n < 0.002), there is a maximum
in the flow energy which occurs at ¢ ~ 20 — 25¢ 4. This peak in the kinetic energy correlates



with the large reconnection rate and the fast reduction in the magnetic energy seen in Fig. 5b.

The toroidal flow velocity in these cases is comparable to the characteristic Alfvén velocity,
Vg ~ Va.

Figure 6 shows the results of a set of MHD simulation runs performed to investigate effects
of plasma viscosity for n = 5 - 1074, As expected, larger viscosity results in a strong reduction
of plasma flows. Reduced flow velocity, on the other hand, is related to a slower reconnection
of the toroidal field (Fig. 6b). This effect is more pronounced for smaller values of resistivity.
Figure 7 shows contour plots of the toroidal field from the simulation runs with p = 0.001 and
1 = 0.004. It can be seen that large values of plasma viscosity result in incomplete reconnec-
tion, and significant residual toroidal fields are present at ¢ ~ 20 — 30¢ 4. Numerical results thus
indicate that the large values of plasma viscosity observed in the experiments (1 2 0.002) may
be responsible for the incomplete reconnection observed in the SSX FRC.
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Figure 7: Contour plots of toroidal magnetic field at the poloidal plane obtained from 2D
MHD simulations with n = 0.001: (a) p = 0.001, and (b) p» = 0.004. Time is normalized to
the Alfvén time.

3.2. Three-dimensional simulations

Three-dimensional MHD simulations have been performed to study the effects of plasma vis-
cosity, self-generated flows, and magnetic field-line-tying effects on the unstable global modes.
A random initial perturbation was applied at ¢ = 0. The n = 1 tilt mode was found to be a
dominant mode in all cases, and the configuration was tilted at the end of the simulations. Fig-
ure 8a shows the time evolution of the n = 1 mode from four simulation runs with n = 1073
and ;= 5-107* — 4 - 1073. The linear growth rate is largest for small viscosity, and it reduces
as . increases. Therefore, large values of viscosity have a strong stabilizing effect on the n = 1
tilt mode, as well as the higher-n modes in the MHD regime.

Figure 8b shows the time evolution of the total kinetic energy obtained for the same set of
simulations as shown in Fig. 8a. The growth of the n = 1 tilt mode is not seen until £ > 207 4,



when the amplitude of the mode becomes comparable to that of the n = 0 component of the
kinetic energy. Note that by that time the growth rate of the n = 1 mode is reduced compared
to its linear value (Fig. 8a). The calculated growth rates obtained from the simulation shown
in Fig. 8a (for = 0.004) are: v ~ 0.33 - V4 /R, for t < 20ta, and v < 0.15 - V4 /R, for
t > 20t 4. Several factors may contribute to the reduction of the instability growth at later times
(t 2 20t 4), including the nonlinear mode interactions and an increase of the separatrix elonga-
tion. For comparison, an estimate for an ideal MHD growth rate is o ~ (0.7 — 1.3)V4/ R;.

Possible stabilizing effect of the toroidal flows, generated during the reconnection process, ap-
pears to be less significant than that of viscosity, because the growth rates for smaller-u cases
(and, hence, larger V;,) are larger, than those for larger p (smaller V;;). The finite residual
toroidal field, on the other hand, may contribute to the reduction of the growth rate of the n = 1
mode in high-viscosity cases (1 > 1073).
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Figure 8: Time evolution of (a) n = 1 mode energy, and (b) total kinetic energy from 3D MHD
simulations of counter-helicity spheromak merging for p=15-107% —4-1073.

The simulations shown in Fig. 8 have been performed for realistic boundary conditions, includ-
ing the effects of the line-tying. Another set of simulations have been performed with different
boundary conditions, neglecting these effects. A comparison between the runs with different
boundary conditions have demonstrated that line tying effects increase the complete reconnec-
tion time by 5 — 107 4, and reduce the n = 1 mode growth rate. It has also been found that the
peak toroidal flow velocity is reduced by a factor of 2 due to line-tying effects.

Simulations show that both the large plasma viscosity and the field-line-tying boundary con-
ditions have strong stabilizing effect on the tilt mode. In addition, there is a nonlinear reduction
of the instability drive at the time when the mode amplitude becomes observable. These results
provide an explanation for the experimentally measured growth rates that are about 6 — 8 times
smaller than the ideal MHD growth rate.

4. Conclusions
The hybrid simulations presented here show that, while ion FLR effects determine the linear
stability properties of non-rotating FRCs, the inclusion of nonlinear and ion toroidal flow ef-

fects is necessary for a satisfactory description of plasma behavior in low-S* FRC experiments.

All major experimentally observed stability properties of kinetic (theta-pinch-formed) FRCs



have been reproduced and explained with the help of numerical simulations. Namely, the
scaling of the linear growth rate of the n = 1 tilt instability with S*/E parameter has been
demonstrated for a class of elongated elliptic FRCs [1]; the ion toroidal spin-up, the nonlinear
saturation of the tilt mode, and the growth of the n = 2 rotational mode have been demonstrated.
It has been shown that the loss of ions with a preferential sign of toroidal velocity due to the
resistive decay of the poloidal flux results in the ion toroidal spin-up, which reproduces very
well the experimentally observed ion rotation. The time scale of the ion spin-up is determined
by the flux decay time.

The HYM code has also been used to study FRC formation by the counter-helicity sphero-
mak merging in support of the SSX-FRC experiment [4], and contributed to interpretation of
several puzzling experimental observations. In particular, the persistence of the residual toroidal
fields and slower-than-MHD growth of the tilt instability have been shown to be related to the
large plasma viscosity and the line-tying effects in the SSX-FRC experiments.
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