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Alpha channeling in rotating plasma with stationary waves

Abraham J. Fetterman and Nathaniel J. Fisch

Department of Astrophysical Sciences, Princeton University, Princeton, New Jersey 08540,

USA
(Dated: 11 February 2010)

An extension of the alpha channeling effect to supersonically rotating mirrors shows that the rotation itself
can be driven using alpha particle energy. Alpha channeling uses radiofrequency waves to remove alpha
particles collisionlessly at low energy. We show that stationary magnetic fields with high ng can be used for
this purpose, and simulations show that a large fraction of the alpha energy can be converted to rotation

energy.

I. INTRODUCTION

Mirror machines are attractive fusion devices due to
their relative simplicity, high 8, and naturally steady
state operation. Supersonic rotation in mirror machines
can produce increased confinement and robustness to in-
stability. The additional confinement is due to the cen-
trifugal force, which confines ions axially. 2 Electrons are
then confined axially by the ambipolar potential. When
the centrifugal potential greatly exceeds the ion temper-
ature, the ion distribution is isotropic and there are no
loss-cone type instabilities. Rotating plasmas may also
be MHD stable for appropriate density profiles, or with
significant rotation shear.*®

The rotation is produced by a radial electric field,
which is usually maintained by electrodes that are in con-
tact with the plasma. These electrodes introduce many
complications into the design of centrifugal confinement
devices."? The foremost problem has been the Alfven
critical ionization velocity (CIV).1191 This critical ve-
locity limits the speed at which the plasma may flow past
a stationary surface, and is several orders of magnitude
too small to produce centrifugal confinement of fusion
plasmas.'? Additional limits are imposed on the plasma
density by the need for conductivity between the plasma
and electrodes.? For these reasons it was suggested that
rotation could be maintained instead by alpha channeling
within the bulk plasma.'?

Alpha channeling was originally developed in tokamaks
to take advantage of the free energy available from alpha
particles, as well as to rapidly remove fusion ash from
the system.'* Alpha particles interact stochastically with
radio frequency waves, causing average outward diffusion
due to a population inversion.!%16 Wave energy may then
be used to drive electron currents or to heat fuel ions.
By removing alpha particles quickly, the fusion reactiv-
ity might be doubled in a system with the same plasma
pressure.”

The alpha channeling concept was recently extended
to mirror machines.'® 20 In this case, the loss cone pro-
duces a convenient phase space boundary through which
alpha particles can be removed. Many of the benefits of
alpha channeling in tokamaks, such as increased fusion
reactivity, also apply to mirrors. Wave energy in this
case might be used for heating ions in the central cell, or

electrons in the plug region of a tandem mirror.

An alternate use of alpha particle energy is possible in
supersonically rotating mirrors.!32%22 By moving parti-
cles across the radial electric field, alpha particle kinetic
energy can be transferred into potential energy directly.
This not only allows efficient removal of alpha particles
and direct use of their energy, but also eliminates the
electrodes that have been a major limitation in produc-
ing centrifugally confined plasmas. It was found that
particle energy, wave energy, and potential energy could
be interchanged using these waves, and a parameter de-
scribing the exchange of energy between these sources
was called the branching ratio.

To convert a significant amount of the alpha particle
energy into rotation energy, waves with large ng are nec-
essary. We propose that a simple way to produce these
waves is to introduce a stationary perturbation on the
outside of the plasma, which will appear in the rotat-
ing frame as a wave. Because the wave is stationary, the
particle’s total energy in the rest frame will be conserved.
Therefore, only the kinetic and potential energy will be
interchanged. The momentum in the system is balanced
by forces holding the antenna in place.

We show here that a stationary antenna can produce
waves that penetrate the plasma layer and may be used
for alpha channeling. By simulating a specific set of
waves, we demonstrate that these waves efficiently con-
vert alpha particle kinetic energy to potential energy. Fi-
nally, we consider a reactor based on the simulated pa-
rameters and find that rotation may be maintained in
the absence of electrodes.

Our paper will be organized as follows. In Section II,
we will describe how radio frequency waves produce dif-
fusion paths in phase space, and introduce the branching
ratio. Then in Section IIT we will examine a rotating
plasma’s response to a stationary perturbation. Lastly,
in Sections IV and V, we will describe our simulation of
alpha channeling and its results.

Il. DIFFUSION PATHS

The behavior of an alpha particle interacting with a
wave may be considered by adopting a rotating frame
with no electric field. In this frame, when a particle in-



teracts with a wave, the changes in its perpendicular and
parallel energy are correlated through the wave number
and frequency the wave.'* The change in energy is also
related to a change in the gyrocenter position of the par-
ticle. Because of the radial electric field in the rest frame,
this change translates to a change in the particle’s poten-
tial energy.!322

All of these changes occur simultaneously in the wave
region. By relating these variables to the constants of
motion F, u, and Py, we can determine the correspond-
ing changes after the particle moves from the wave region
to the mirror midplane.'31® As the particle interacts re-
peatedly with the wave, assuming the phase is random,
the particle will undergo diffusion along a 1D path in 3D
phase space W o-Wo-®o. Here we have defined W,

and Wuo to be the rotating frame perpendiular and par-
allel energy at the midplane, and ®( to be the potential
energy of the gyrocenter at the midplane.

The unique aspect of alpha channeling in rotating plas-
mas is the role played by the potential energy. In station-
ary plasmas there is no such energy sink, so the alpha
particle energy could only be transferred to the wave. In
a rotating plasma, however, alpha particle energy may be
transferred to wave energy as well as to potential energy.
We defined the branching ratio fg to be the fraction of
the kinetic energy that is transferred to potential energy,
fe = —qA®/AW 1322 A simple estimate in a slab geom-
etry gives fg = vg/ (Vg — vpn), where vg = E, /B, is the
drift velocity and vy, = w/k, is the wave phase velocity.
Including terms related to the cylindrical geometry, we
find,

—ng§) Qi
fo=—a"t"E0 (1)
in — TLQQEQZ
where ng is the azimuthal mode number, Qp = —E/rB,

Q; = eB/m and Q; = Q, + 2Q is the cyclotron frequency
in the ion frame rotating about the mirror axis at fre-
quency 2.

The branching ratio can be used to characterize three
regimes of wave interactions. For fg ~ 0, alpha channel-
ing in the rotating plasma will be the same as in the non-
rotating mirror case—energy transfer will be primarily
between the wave and the particle kinetic energy. Near
fe = 1, energy is primarily exchanged between kinetic
and potential energy. Finally for |fg| — oo, the kinetic
energy is constant while energy is transferred between
the wave and potential energy.

Several conditions are necessary for alpha channeling
to be successful. First, there must be a diffusion path
that connects the alpha particle source to a region of
phase space in which the alpha particle will be lost. The
alpha particles should have low energy when they are
lost, so that their energy can be used in the plasma.
Also, there should also be a limitation on the heating
of alpha particles, so that all particles eventually exit by
the desired path.

Particles that interact with a wave satisfy the res-
onance condition w — npQd — kv = n;. In rotat-

ing midplane coordinates, these resonant particles lie
on a line in phase space with slope (R,; — 1)_1, where
R,; = B,s/By is the mirror ratio of the RF region. By
placing multiple wave regions at different positions in the
mirror, we can thus access a large fraction of phase space
using few waves, as in Fig. 4.18:19

The region will also be offset from the origin along
W0 by the parallel resonant energy in the wave re-

gion Wjes = %mvﬁ, plus the centrifugal confinement
potential between the wave region and the midplane
TmO2r? (1 - Rr_fl) If we use perpendicular diffusion
paths, we can ensure particles will leave at low energy by
choosing a resonant parallel energy just above the cen-
trifugal confinement potential. We will also guarantee
that there is a population inversion along the diffusion
path between the empty region of phase space at the loss
cone and the source of alpha particles at high energy.
The final requirement for alpha channeling is that the
energy gained by particles is limited. Two methods sug-
gested for limiting heating in stationary mirror machines
are by taking advantage of the radial limitation of the
plasma, and through a zero in the diffusion coefficient
due to finite k, p effects.!® It is also possible to limit
heating by using a wave that is not entirely perpendicu-
lar. In this case, as a particle gains energy from the wave,
its parallel energy changes to move it out of resonance.
If there is no overlapping wave on the high energy side
of the diffusion path, the heating will be limited. This
is the limitation that will be used in this paper. Disad-
vantages to this method are that multiple waves must be
used, and alpha particles may leave at higher energies.
Once the requirements for alpha channeling are met,
we consider the most effective way to use the alpha par-
ticle energy. To convert a significant amount of the ki-
netic energy into rotation energy, the waves must have
fE 2 1. The equality fg = 1 holds for stationary waves
with w = 0. The resonance condition then dictates that
these waves have ng ~ —Q;/Q ~ —20 for practical values
of @ and Q;. In a vacuum such a mode would decay like
rlmel . Fortunately, the plasma in a centrifugal trap is lo-
calized near the outside of the cylinder (as in Fig. 1), so
that even with this decay there may be sufficient magni-
tude for alpha channeling throughout the plasma region.
The rotating plasma response to a stationary magnetic
perturbation will be calculated in the next section.

11l. PLASMA RESPONSE

We will estimate the plasma response to a magnetic
perturbation by treating the local geometry as an infinite
cylinder. We assume that the plasma occupies a region
of width a from radius r; to ¢, and that the plasma is
surrounded by a wall at radius 7, (see Fig. 1). The wall
carries an externally imposed current j* that produces
the stationary magnetic wave. We will first solve for the
normal mode solutions in each of the vacuum and plasma



FIG. 1. A cross section of the geometry used in determining
the plasma response. The central (c), plasma (p), vacuum (v)
and wall (w) regions are labeled.

regions. We will then connect the solutions using appro-
priate boundary conditions, including the current j* on
the wall boundary. This will allow us to determine the
fields produced by the antenna everywhere.

For a given magnetic field strength and rotation speed,
there is an optimum value for the plasma thickness
a. The reason it is not advantageous to use a thicker
plasma region is that the centrifugal force produces an
outward pressure everywhere that must be balanced
by the magnetic pressure. We can define the ratio
of the plasma pressure to magnetic pressure as (. =
8T (nT—|— nmarOQQ) /B2.23 Thus for fixed f3., with su-
personic rotation the achievable density n is inversely
proportional to the plasma thickness. To maximize
the fusion power output P, o n?a, we find a/ro ~
T/mQ%*2 ~ 1/2R, where R is the mirror ratio.?

We can simplify calculation of the plasma response by
neglecting the difference in rotation frequency between
species due to the centrifugal drift. The difference in
ion and electron drifts leads to an azimuthal current and
a radial variation in the zero order magnetic field. If
k> Q/va, the axial variation of the field will be much
greater than the radial variation in first order terms, and
so we may ignore the contribution of the zero-order az-
imuthal current. For different ion species rotating at dif-
ferent frequencies, the same wave will appear at different
frequencies due to the Doppler shift. Because this differ-
ence is a small fraction of the overall frequency, we may
ignore this effect as well, assuming that the wave is far
from any resonance.

Thus we are assuming in calculating the plasma re-
sponse that every component of the plasma is rotating
at the same frequency 2. In the frame rotating with €2,
the problem is then simply the response of a stationary
plasma to an oscillating field with w = —ng). We can
easily calculate the response of a two species cold plasma
to such a field using the MHD equations.?*2° Assuming

w < ck) and w < (2, one finds,

n 0B,
By = Ac?,?"Bz +Aes—- (2)
. n . 0B,
By = ZAC479BZ + ZACSW (3)
B,. = BJ,, (kyr) + CKyy (Kpr). 4)

Here B and C are constants, J and K are
Bessel functions, and we have omitted a factor
of expi(kHz—l—ngﬁ—wt). We define the constants
T, = nifne, m = zm; + (1—x)mj, vy =
B?/4tnem, Qs = eB/me, Qp = QQ;/Q, wy =
Q2% / (2% + (1 — 24)Q),

(2 — Q) (2 — Q)

=1+ WGP , (5)
. =t )
c3 =icy Qislq%, (7)
ca = —ik (cgkf - g—ZC%kf - 02%) , (8)
Al (cgkﬁ _ %)2 - g—Zcfkf, (9)
i = _% cgkﬁ - 02w2/v;4 - c%kaﬁ/Qg' (10)

Eq. (10) may be seen to be a formulation of the two-
ion cold plasma dispersion relation, so that the wave is
equivalent to the fast Alfven wave.?®

The solution in the vacuum regions satisfies B = V),
and V2¢ = 0. The z-component of the solution in each
region may be written, using only bounded solutions,

Bcz = AITL@ (k”T), (11)
By = DI, (kyr) + EKy, (), (12)
B,.=FK,, (kHT‘), (13)

where I and K are the modified Bessel functions, and we
again omitted the factor of expi (k”z + ngf — wt). The
other components of the field are simple functions of the
above equations.

We finally consider the boundary conditions. At all
boundaries, the perpendicular field B, must be continu-
ous. At the free boundaries of the plasma, at r; and g,
B, must be constant across the boundary for magnetic
pressure balance, while at r,, the current produces the
jump sz = B'Uz + 4%];

Solving the system Egs. (2), (4), (11)—(13), with the
above boundary conditions, we will have a solution to the
magnetic field everywhere. To find the electric field, we
can simply use Faraday’s law, VX E = —(1/¢)0B/0t. In
this case E, = 0, so we can calculate the rotating frame
fields E, = w/(ck)By and Ey = —w/(ck))B,.
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FIG. 2. Axial (blue) and radial (magenta) magnetic field
versus radius, for 11 = 80 ¢m, ro = 100 cm, r,, = 110 cm.
The wave is stationary in the lab frame, with ng = —19 and
k; = —0.0463 cm, and plasma parameters described in the

text. The two components are out of phase with each other,
and the azimuthal field is not shown.

The results for a stationary wave in a plasma with
ne = 1.5 x 10 cm™3, B =2T, x = 0.046, a = 20 cm,
ro = 100cm and 50/50 DT ions are shown in Fig. 2.
One can see that while the axial field dies off rapidly,
the radial field is nearly constant over the plasma region
because the derivative of the axial field remains large.
Since Ey = —w/(ck))B.,, this will lead to little radial
variation in the phase-space diffusion coefficient, which
is proportional to |E|*.1?

Because we have assumed the plasma to be of uni-
form density and rotation frequency, we may be exclud-
ing important resonances influencing the accessibility of
the wave.?627 Since the wave frequency in the rotating
frame is proportional to the rotation frequency, a single
wave will appear at a broad range of frequencies across
a plasma with strong rotation shear. Should there be a
resonance, the wave may be absorbed at that layer, or
may undergo mode-conversion. Details of the density,
temperature and rotation profile will be critical in de-
termining whether the wave will reach the inner plasma
boundary.

IV. SIMULATION

To demonstrate the effectiveness of alpha channeling
using these waves, we simulated alpha particles by cal-
culating their full equations of motion in a mirror ma-
chine with four separate wave regions (see Fig. 3). We
have chosen specific parameters for the simulation, but
these are not optimized and only provide an example
for the present discussion. The midplane magnetic field
is By = 2T, the ratio of rotation to deuterium cyclotron
frequency is xy = 0.046, the plasma thickness is 20 cm, the
outer radius is 100 ¢cm, and the mirror ratio is 5. This By,
x and 7o requires a radial electric field Fyp = 88kV /cm
and leads to a rotation energy Wgop = 200keV, which
with R,, = 5 gives the ion temperature T; = 40keV

FIG. 3. A cross section of the plasma with the wave regions
indicated. The black lines denote the inner and outer plasma
boundaries. The dash-dotted line indicates the axis of sym-
metry.

W.o (MeV)
[

8005 10 15 20 25 30
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FIG. 4. The resonance regions for the waves in rotating, mid-
plane phase space. The gray line indicates the alpha particle
birth energy, 3.5 MeV. The red line indicates the boundary
of the alpha particle loss cone.

and electron temperature T, = 12keV.? With a mid-
plane density of ng = 1.5 x 10'3cm ™3, the centrifugal
beta is . = 0.20.

The properties of the waves are shown in Table I. The
field everywhere is determined by solving the system of
equations described in the previous section, with the radii
r1, 7o, and ry, varying like R fl/ % to remain on the same
field lines. The currents in the wall layer are calculated
based on a specific value of B, (1) and the given wave
parameters. Waves are localized axially using a Gaussian
envelope with scale length L.

R.; ne kH (Cmil) L (Cm) By (TO) (G)

1.0 -19 -0.0463 125 10
1.13 -22  -0.0435 100 10
1.3 -26 -0.0401 100 5
1.5 -30 -0.0390 75 5

TABLE I. Properties of the simulated waves.
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FIG. 5. The amount of time to exit (in milliseconds) versus
initial midplane gyrocenter radius (cm) and parallel energy
(MeV). Dots indicate individual particles in the simulation,
and white dots have not left the plasma after 1 s.

— Wio

FIG. 6. The same as Fig. 5, for the alpha particle energy at
exit (in MeV).

Due to centrifugal confinement, we expect the plasma
density to be reduced in regions with higher magnetic
fields. Both reduced density and increased field lead to
an increase in the Alfven velocity, v} o R ; exp(Wgo(1—

R fl) /T;). With higher fields we also find that larger az-
imuthal mode numbers are required to satisfy the res-
onance condition —ngQ) ~ ;. If we consider the low
frequency limit of the dispersion relation k? = w?/v% —
ki — k§, we see that since kj = nj/r® oc R}, the wave
will decay more rapidly in regions with higher magnetic
fields. For this reason we have located waves in regions
with relatively low mirror ratios.

The results of the simulations are shown in Figs. 5
and 6. Since particles were removed at the wall r,, =
110 cm, alpha particles born at the very edge of the
plasma have a sufficient gyroradius to exit immediately.
This is why the exit time is smaller for these particles
and the exit energy higher. Some energy is recovered
from these particles, however, since the outer wall is the
positive electrode.

For the remaining particles, one can see that alpha
channeling efficiency is much better at small initial W),.

Although the waves are mostly perpendicular, they do
have AW /AW < 0, leading to a slope outward toward
larger W)o for decreasing W, . Also, particles with large
W) are nearer to the loss cone, and more poorly confined
by the magnetic mirror force.

V. DISCUSSION

It is clear from the simulations that a significant frac-
tion of the alpha particle energy can be transferred to
the potential. To discuss the efficiency of alpha channel-
ing, we note that alpha particles in this system are born
with significant rotation energy (0.4 MeV) and thermal
energy (3.5 MeV). Without alpha channeling or radial
losses, alpha particles would have to overcome the cen-
trifugal potential and exit at small radius, giving .64 MeV
to the potential.

In our simulations, 26% of the particles exit the sys-
tem immediately, either radially or through the loss cone.
32% of the particles were removed by alpha channeling
after 1 s, and the remaining 42% remained in the system.
The particles subject to alpha channeling converted 64%
of their energy (2.5 MeV) to potential energy on aver-
age. If we assume that the remaining particles eventually
leave the plasma axially, the average energy that alpha
particles add to the potential is 1.38 MeV. Since the en-
ergy used to create an alpha particle is 0.4 MeV for the
deuteron and 0.6 MeV for the triton, 0.38 MeV remains
to compensate other energy loss from the plasma.

Energy loss in centrifugal traps is primarily due to lon-
gitudinal ion loss.? Deuterons scatter into the loss cone
after a time 7p ~ 7 exp [Wgp (1 — R;') /T;], where
T;; 18 the ion-ion collision time and R,, is the mirror
ratio, and tritons have a similar dependence.?® In the
plasma described above, 7;; = 1s, so that 7jp = 55s and
77 = 400s. The fusion timescale is 77,5 = 300s. Com-
bining these times with the simulated parameters and
a plasma length of 40 m, we expect the power lost to
be approximately 110 kW. If each fusion event produces
1.38 MeV of potential energy and requires 1 MeV, the
net power from alpha particles left in the potential will
be 150 kW, exceeding the power loss. The total fusion
power produced will be 9 MW. Note that this reactor is
not optimized for power production. The power could be
increased by increasing the magnetic field or allowing for
higher plasma beta.

Before alpha channeling, the efficiency Q would have
been about 30. The above discussion demonstrates that
alpha channeling can allow global energy balance without
recirculating power, implying  — oco. While this effi-
ciency improvement is substantial, more critical is that
power does not need to be supplied to the plasma through
end electrodes. The electrodes have typically reduced the
rotation velocity to the Alfven CIV limit, or else required
extensive conditioning to avoid this limit.!»'%2? In addi-
tion, the electrodes could be a source of instability and
require sufficient density for conductivity.’



Because eliminating the electrodes entirely is a criti-
cal issue, we note that this principle can still be used to
produce rotation even if power loss is much larger than
expected. One way to compensate for a higher loss rate
is to decrease the rotation energy of the plasma, reducing
the temperature by the same factor. This would reduce
the energy used to create the plasma, so that the alpha
particle power produced is a larger fraction of the over-
all power consumed. Alternatively, recirculating power
could be used to drive rotation directly with waves.?!:22

Two effects have been considered in other works that
contribute to the power loss, charge exchange and per-
pendicular heat loss.>'? While the cross section for
charge exchange is much smaller than the ionization cross
section, the energy that is lost in each charge exchange
event is larger since neutrals return no energy to the po-
tential on exiting the trap. Regarding the perpendicular
heat loss, it will be important to determine the plasma
density between the hot plasma region and wall. Because
the parallel loss time is much faster than the perpendic-
ular loss time, this density may be negligible. It is still
possible that energy will be lost due to heat transfer from
a region of fast rotation to slow rotation, where the con-
finement potential is smaller.

Another effect that should be included in overall power
balance is energy recovered at shaped endplates. It was
assumed in the simulation that particles are removed at
their gyrocenter after exiting the trap axially. However,
using shaped endplates the particles may be removed at
the high potential side of their gyro-orbit.? In past pro-
posals this contribution has been significant, but it has
been necessary to use many closely-spaced electrodes to
achieve this effect. Because end electrodes are not neces-
sary in the present scenario, a continuous surface may be
used to absorb the outgoing plasma flux, improving the
efficiency of energy recovery.

VI. CONCLUSION

We have shown that stationary waves can sustain rota-
tion in a supersonically rotating mirror. The waves inter-
act with alpha particles, converting alpha particle kinetic
energy into potential energy and ejecting the alpha parti-
cles. Because the waves are stationary in the lab frame,
they may be produced by static magnetic coils and do
not require significant energy input.

The most significant consequence of alpha channeling
is that electrodes are not necessary to maintain rotation
in the plasma. Electrodes have been a source of numerous
issues with rotating plasmas, most prominently limiting
rotation speeds to the Alfven critical ionization velocity.
It is expected that with the added flexibility in design,
systems will be able to exceed the CIV without the need
for extensive surface conditioning.

Many steps remain before this system could be consid-
ered as a practical fusion device. It remains to be shown
that a system driven in this way can achieve an MHD

stable equilibrium in its radial density, temperature and
rotation profile. Parameters such as rotation speed, tem-
perature, magnetic field and radius also need to be op-
timized for a reactor scenario. Finally, the method of
driving rotation and existence of specific waves require
experimental validation, especially in exceeding the CIV
limit.

Nevertheless, results so far are promising, indicating
that self sustaining rotation can be produced in centrifu-
gal mirrors with fusion. Because ions are born with the
rotation energy, the hot ion mode is automatically pro-
duced and heating requires no recirculating power. Thus
the system would make an attractive fusion reactor, with
simplicity in design and high efficiency.

This work was supported by DOE Contracts DE-
FG02-06ER54851 and DE-AC0276-CHO03073.
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