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Calculation of Ground State Rotational Populations for Kinetic Gas Homonuclear 

Diatomic Molecules including Electron-Impact Excitation and Wall Collisions 

David R. Farley 

Princeton Plasma Physics Laboratory, Princeton, NJ 08543 USA 

ABSTRACT 

A model has been developed to calculate the ground-state rotational populations of homonuclear 

diatomic molecules in kinetic gases, including the effects of electron-impact excitation, wall 

collisions, and gas feed rate.  The equations are exact within the accuracy of the cross sections 

used and of the assumed equilibrating effect of wall collisions. It is found that the inflow of feed 

gas and equilibrating wall collisions can significantly affect the rotational distribution in 

competition with non-equilibrating electron-impact effects.  The resulting steady-state rotational 

distributions are generally Boltzmann for N≥3, with a rotational temperature between the wall 

and feed gas temperatures.  The N=0,1,2 rotational level populations depend sensitively on the 

relative rates of electron-impact excitation versus wall collision and gas feed rates. 
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I. INTRODUCTION 

Rotational temperature estimates obtained from measured spectra may often be correlated 

with the neutral gas translational temperature since rotational and translational modes for most 

small molecules typically equilibrate within 3-20 inter-molecular collisions.
1
 This assumes that 

the gas and experiment conditions justify even this number of collisions occurring prior to any 

other non-equilibrating interactions, such as electron-impact excitation collisions.  Otherwise the 

rotational modes cannot necessarily be assumed to be in equilibrium with the translational 

modes, and no direct connection between rotational temperature and gas temperature can be 

made.  Additionally, hydrogen requires an abnormally large number of inter-molecular collisions 

(~ 300) for rotational and translational modes to equilibrate at normal temperatures (~200 for 

deuterium).
2,3

 Therefore, inter-molecular collisions are not as effective at equilibrating internal 

energy modes of hydrogen, and other mechanisms must be studied to quantify the rotational 

level populations. 

As described by Otorbaev,
4
 there has been considerable debate as to the ground state 

rotational distribution of hydrogen.  Multiple studies on electron-impact excitation of hydrogen  

have reported non-Boltzmann distributions and purported various explanations.
5,6,7,8,9,10,11,12

  In 

particular, Lavrov et al. 
9
 developed a rotational distribution model using detailed balancing with 

inter-molecular collisions and quadrupole electron-impact excitation of ground state rotational 

levels.  However, Lavrov et al. were apparently unaware that inter-molecular collisions are rather 

ineffective at equilibrating rotational modes. Also, their recursive formula for rotational level 

populations, which is a weighted sum of Boltzmann distributions corresponding to a gas 

temperature and an electron temperature, is not applicable for electron energies greater than ~5 

eV since this would result in their model predicting inordinately high rotational levels being 

primarily populated, and hydrogen dissociates at 4.5 eV.  

Further, Lavrov et al. did not include other processes such as dipole-allowed, bound 

electronic ro-vibrational transitions (so-called vibronic transitions), nor the potentially strong 

effects of wall collisions and feed gas.  These effects will be considered here to create a more 

complete model to describe the ground-state rotational distribution.  The model will be applied to 

the kinetic hydrogen plasma of the Princeton Field-Reversed Configuration (PFRC) device
13

 

being operated at the Princeton Plasma Physics Laboratory, which has a nominal hydrogen gas 

density of 
2Hn ~ 3x10

13
 cm

-3
, and thermal energy of Te ~ 100-200 eV electron distribution  at a 

density of ne~10
12

 cm
-3

. Since there is some concern whether measured PFRC rotational spectra 

follow dipole selection rules allowing a direct comparison of measured rotational lines with 

ground state populations, no comparison will be made with PFRC data (this will be done in a 

subsequent publication). The model will be applied to the low-energy gas discharge results of 

Otorbaev et al.
4,5

 The methodology described herein could be adapted to other homonuclear 

molecules and gas dynamic scenarios. 

II. THEORY 

To create a model for the populations of the rotational levels of the ground electronic 

state of hydrogen (X 
1
g

+
), applicable incoming and outgoing rates for each rotational level are 

needed.  These rates are those due to the addition of equilibrium feed gas, electron-impact 

excitation, emission, and wall collisions.  Inter-molecular collisions are not considered due to the 
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hydrogen equilibration issue cited above, and can be neglected for kinetic plasmas such as the 

PFRC, or rarefied gas dynamics where wall collisions occur much more frequently than inter-

molecular collisions.  However, in denser hydrogen gases, where inter-molecular collisions are 

much more frequent, inter-molecular equilibration must be considered. 

These rates applicable to homonuclear diatomic molecules are described below, using 

characteristics of the PFRC experiment as an example. A sketch of the PFRC is shown in Fig. 1, 

including its tantalum-clad copper magnetic flux conserver rings. 

Denote the feed gas flow rate as  in standard cubic centimeters per minute (sccm).  At 

STP, the number density is 2.65x10
19

 cm
-3

. The inflow of H2 molecules into the PFRC vacuum 

chamber is 2.65x10
19
 molecules per minute. The volume of the PFRC vacuum chamber is 

approximately 8,000 cm
3
, giving a H2 density influx rate of 3x10

15
 molecules/cm

3
·min.  The 

incoming H2 molecules pass through a long length of room-temperature piping before entering 

the PFRC, and are assumed to have a Boltzmann rotational distribution at a feed temperature 

Tfeed. The rate of population addition to the rotational levels, in units of cm
-3

s
-1

, is then given by 

     rotfeed

17feed //1exp12102 QkTNBhcNNnN       (1) 

where N is the rotational quantum number (N= 0,1,2,…), and B is the rotational constant for 

hydrogen in its ground state, Qrot is the rotational partition function, h is Planck’s constant, c is 

the speed of light, and k is Boltzmann’s constant ( still in units of sccm). Noting that Bhc/k = 87 

K 
14

 and Qrot = kTfeed/2Bhc,
15

 Eq. (1) can be rewritten as 

    feed

feed

17feed /187exp12
174

102 TNNN
T

nN       (2) 

The PFRC H2 feed rate is typically =2-4 sccm to maintain a 1 mTorr pressure in the 

vacuum chamber. An effective “excitation” rate of population into the N rotational state can be 

estimated by dividing the 2x10
17
 cm

-3
s

-1
 of Eq. (2) by the nominal PFRC vacuum chamber H2 

density of 3x10
13

 cm
-3

. Assuming the feed temperature is at approximately room temperature 

gives a characteristic rate of approximately 10-20 kHz for the PFRC.   

Hydrogen will also flow out of the vacuum chamber at a flow rate equal to the feed rate 

to maintain a constant chamber density.  However, because of their long residence time in the 

chamber (~1 sec), the molecules will have achieved a steady-state rotational distribution by the 

time they exit the system, so the outflow will not affect the rotational distribution.  

Electron impact can cause transitions amongst the rotational levels.  Homonuclear 

diatomic molecules such as H2 are non-polar, and therefore purely rotational or ro-vibrational 

radiative dipole transitions are not possible since homonuclear molecules possess no permanent 

electric dipole moment.
14

  Also, such dipole ro-vibrational transitions are forbidden regardless by 

molecular symmetry rules when there is no associated bound-electron excitation.  It is possible to 

cause rotational transitions without bound-electron excitation through electric quadrupole 

radiative transitions, or Raman scattering, but these transitions must cause N = 0,±2 due both to 

the nature of the interaction as well as to satisfy symmetry-enforced selection rules.  However, 
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electric quadrupole-induced radiative emissions have intensities typically 10
-9

 that of electric 

dipole emissions,
14

 effectively leaving only Raman scattering as an option for rotational 

spectroscopy through electromagnetic radiation.  Electron-impact excitation of ground electronic 

state molecules, which still must satisfy the N = 0,±2 selection rule, can cause quadrupole 

transitions of non-negligible strength, sometimes as high as 10-20% of dipole transitions in 

electron-impact of H2.
16

  The rate of excitation out of state N due to quadrupole electron-impact 

scattering can be estimated through 
17,18,19

 

 
2

20

quad

2
000

22
52 







 
 

NN
NVnnn eeNNN        (3) 

where 20  is the electron-impact excitation cross section for purely rotational transitions from 

N=0 to N=2, Ve is the electron speed, and the matrix in braces is the Wigner 3-j symbol.  The 3-j 

symbol squared in Eq. (3) is       1232522123  NNNNN ,
20

 simplifying Eq. (3) to 

  
  1232

12

2

3
20

quad

2



 

NN

NN
Vnnn eeNNN         (4) 

Equation (4) gives the rate of population transfer out of state N, but state N will also 

receive population from the N-2 state below it.  This amount coming into N from N-2 is 

calculated by replacing N with N-2 in Eq. (4).  Therefore, the net population rate into state N is 

 
  

  
  















 

1232

12

3212

1

2

3
20

quad

NN

NN

NN

NN
Vnnn eeNN      (5) 

Note that the N=0 and N=1 rotational states always have a net outflow of population, which is 

absorbed by the N≥2 levels. Equation (5) is properly normalized such that the total number of 

particles remains unchanged, i.e. the rotational populations are simply adjusted among rotational 

states with each electron impact. The reverse direction of quadrupole electron-impact excitation 

(NN-2) can also be calculated,
19

 where it is found that the cross section for these transitions is 

about 2% of 2NN . These reverse transitions are therefore not included here. 

 Vibrational quadrupole transitions are also possible for non-polar molecules such as H2.  

However, the probability of transition from the ground =0 to excited ´=1 vibrational states is 

<3% of remaining within the (0,0) band.
21

 Higher vibrational changes are even less likely.  

Therefore, quadrupole vibrational transitions will be neglected. 

The cross section for quadrupole rotational excitation of hydrogen impacted by ~100 eV 

electrons (Ve= 4.2x10
8
 cm/s) is 20  9x10

-18
 cm

2
.
 22,23

   However, the 100 eV electrons are 

mainly confined to the region within the magnetic flux conservers of the PFRC, as depicted in 

Fig. 1, which have a characteristic inner diameter of 7 cm, whereas the vacuum chamber 

diameter is 10 cm.  Therefore, the probability of excitation should be reduced by the relative 

areas (7/10)
2
.  For situations where electrons are not confined within a subsection of the vacuum 

chamber, this factor can of course be neglected. Putting these values into Eq. (5) results in a 
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characteristic excitation rate due to quadrupole electron-impact transitions of ~3 kHz for the 

PFRC.  

In the case of electron-impact scattering causing ro-vibronic excitation, where bound-

electron transitions occur as well as rotational transitions, non-polar molecules such as H2 do 

have dipole spectra, in contrast to purely rotational or ro-vibrational transitions discussed above.  

Scattering events occur which maintain the total spin of the term, or can cause spin-exchange 

transitions whereby otherwise spin-enforced forbidden transitions are then allowed. In the case 

of the singlet ground electronic state X 
1
g

+
 of H2, transitions to triplet electronic states, which 

are forbidden for radiative transitions, do occur through electron-impact excitation. However, the 

excited triplets decay eventually to the repulsive b 
3
u

+
 electronic state, which then results in 

dissociation of the molecule. Spin-exchange electronic transitions thereby remove those triplet-

H2 molecules from the sea of singlet molecules, and thus only the singlet-singlet electronic 

excitations can have an effect on the ground state rotational distribution upon their decay back to 

the ground electronic state.  In other words, singlet to triplet excitations may result in 

dissociation of the molecules affected, but will not alter the rotational population distribution of 

remaining molecules in the ground singlet electronic state. 

In contrast to purely rotational and ro-vibrational quadrupole excitation where 

populations transfer primarily only towards increasing N, ro-vibronic transitions can populate 

upward rotational levels as well as backward.  This is illustrated in the Fig. 2 “bucket diagram” 

depicting both the 
1
-

1
 (Fig. 2a) and 

1
 -

1
 electronic transitions (Fig. 2b). In Fig. 2, focus is 

put on the N=2 ground rotational state (N´ refers to upper rotational states) to avoid clutter in 

depicting all transitions. For - electronic transitions (=0, where  is the projection of total 

bound electron angular momentum on the inter-nuclear axis), N=0 is not allowed and therefore 

there can be no Q-branch transitions.  Electron-impact dipole excitation is denoted by solid 

arrows, and dipole radiative emission with dot-dash arrows. As can be seen in Fig. (2a), a - 

rotational level will have four contributions to its population: two dipole excitations out, and two 

dipole emissions in.  The rate of these dipole transitions can be calculated with appropriate 

dipole 3-j symbols, or equivalently so-called Hönl-London factors.
 14,24 

 These Hönl-London 

factors are listed next to the associated transition arrows in Fig. 2, normalized to sum to unity 

such that the factors listed are the relative probabilities for excitation or emission. Notice that 

emission backward to lesser N is possible in ro-vibronic transitions, such that this process can be 

thought of as a re-shuffling of the rotational level populations. 

  It is assumed that equal amounts of population from each rotational level are excited by 

electron impact.  Justification derives from the Born-Oppenheimer approximation
25

 which allows 

the separation of electronic modes from ro-vibrational modes by assuming nuclear motion is 

essentially frozen during the electron scattering process. Therefore, bound electron excitation is 

independent of the ro-vibrational states in this approximation. 

Most excited populations decay back into the X 
1
g

+
 ground electronic state, except for 

those from the B´ 
1
u

+
 electronic state, a part of which decay into the meta-stable EF 

1
g

+
 state.

26
 

The rotational population changes due to cascade transitions from the I 
1
g, J 

1
g and H H  

1
g

+
 

higher electronic states will not be considered, assuming their contribution to the rotational levels 

is small in comparison with the rate of direct transitions.  The allowed upper singlet electronic 
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states with highest cross section are the B 
1
u

+
 and C 

1
u states, having cross sections of 3x10

-17
 

cm
2
 for 100 eV electron-impact excitation.

27
  Although of lower cross section by nearly an order 

of magnitude (see Table 1),
27

 the B´ 
1
u

+
, B´´ 

1
u

+
, D 

1
u, and D´ 

1
u electronic states add to the 

overall excitation rate, so will be included. 

Additionally, vibrational transitions of non-negligible probability occur during electron-

impact excitation of electronic states and subsequent emission, following the Franck-Condon 

approximation, which has been shown to hold for H2.
28,29

  Since the ground state of hydrogen is 

being considered here, the net amount of population returning to the ground vibrational state  = 

0 must be considered.  The vibrational populations are assumed to be Boltzmann following the 

distribution vib

/)(

H /
2

Qenn vibTG 




 , where G()=4,395.2(+1/2)-117.99( +1/2)

2
 is the 

vibrational energy (in units of cm
-1

),
14

 Tvib is the distribution’s vibrational temperature, and Qvib 

is the vibrational partition function.  Separate analysis of vibrational bands of measured PFRC 

spectra
30

 has shown that the PFRC has a Boltzmann vibrational distribution with a vibrational 

temperature between 5,000-6,000 K.  The vibrational population excited from lower states  to 

upper states ´ is calculated using Franck-Condon factors 




q through 

vib

/)(

H /
2

Qeqnn vibTG 








  .  The fraction f of excited population returning to the ground 

vibrational state is 









 0qn .  Thus, the fraction of population returning to the ground 

vibrational state is given by vib

/)(

0 / Qeqqf vibTG 

















  . Fractions were calculated for all the 

electronic transitions considered, as detailed in Table 1, which changed very little (< 1%) from 

room temperature to 9,000 K.  Franck-Condon factors of Fantz & Wünderlich
26

 were used, 

including upper state vibrational states as high as ´=36. These factors can be incorporated into 

the excitation rate by multiplying the factor f by the relevant electron-impact cross section for 

each electronic transition. 

With the above assumptions and appropriate Hönl-London factors (3-j symbols for dipole 

transitions), the net population rate into rotational state N due to allowed X 
1
g

+
 ↔ B 

1
u

+
 and X 

1
g

+
 ↔ C,D 

1
u ro-vibronic transitions, respectively, are 






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
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


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
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(6a) 
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            (6b) 

The summation is over the relevant electronic transitions: X 
1
g

+
  B 

1
u

+
, B´ 

1
u

+
, B´´ 

1
u

+
 for 

Eq. 6a, and X 
1
g

+
  C 

1
u, D 

1
u, D´ 

1
u for Eq. 6b. Note that the electron-impact excitation 
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cross sections have a threshold of ~ 14 eV, so low-energy discharges should not include these ro-

vibronic excitation contributions in the model. 

Equation (6) must also be multiplied by the magnetic flux conserver to vacuum chamber 

cross-sectional areas as described prior, if appropriate. For ↔ transitions, both the N=0 and 

N=1 levels will always have net outflow of population, whereas for  ↔ transitions only the 

N=0 level is always losing population. Using the above cross sections for the relevant bound-

electronic transitions, the characteristic excitation frequency for ro-vibronic transitions into state 

N is ~0.2-0.6 kHz in the PFRC. This rate is much lower than that for quadrupole electron-impact 

excitation (~3 kHz) or the gas feed rate (10-20 kHz), but will regardless be included in the 

analysis. 

The thermal velocity of H2 molecules in the PFRC is 
2HV = 9.8x10

5
(Tgas/23,210 K)

1/2
 

cm/sec,
31

 which for the PFRC temperatures of 300-1,000K corresponds to velocities of 1-2x10
5
 

cm/sec. The PFRC vacuum chamber diameter is D=10 cm, resulting in a wall collision frequency 

of 
2HV /D = 10-20 kHz.  Equilibration of the wall temperature with rotational modes occurs over 

several wall collisions.
32

  It is assumed that the rotational populations linearly approach a 

Boltzmann distribution with each wall collision, denoting   as the fraction of molecules 

achieving equilibrium with the wall in one collision.  The rate of rotational population change is 

then 

     

      N

gas

NN

nTNNNTKn
D

T

nQkTNBhcNNn
D

V
n








wallwallH2

3

rotwallH2

Hwall

/187exp12/174 
106.4

//1exp12 2





  (7) 

where Tgas is in Kelvin and the population rate in units of cm
-3

s
-1

.    can be calculated from the 

number of collisions required for equipartition between the wall and rotational temperatures 

through the relation Ze /ln  , where  is the desired closeness to equipartition (e.g.  =0.1 

corresponds to an equiparition achievement of within 10%) and Z is the number of collisions 

required to attain this level of equipartition.   Values of  for  =10%, 5%, 1% and 0.1% are 

shown in Table 2. As can be seen from the shaded portion of Table 2,  values of ~0.2-0.4 should 

be used to achieve within 1% equipartition through several wall collisions. The characteristic rate 

for rotational level change due to wall collisions in the PFRC is thus 2-8 kHz. Note that the 

effects of wall temperature and gas temperature upon the rate are comparable for moderate to 

high temperatures (300-1,000 K), and the effect of Twall is more significant than Tgas at low 

temperatures (below ~ 300 K).  

 Recombination of hydrogen molecules from adsorbed H atoms at the walls can occur, 

and is known to release molecules with a rotational energy distribution which is colder than the 

wall temperature. 
33,34,35,36 

This “rotational cooling”, caused by the sticking probability of 

hydrogen to the wall material decreasing with increasing N,  could thus affect the overall 

rotational level populations within the PFRC chamber.  The resulting colder distribution is also 

non-Boltzmann.  However, an analysis was conducted which showed that the recombination rate 
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is very small (<100 Hz), and therefore will be neglected in comparison with the other rates 

detailed above.  Rotational cooling from wall recombination should be considered in other 

applications where recycling is a significant effect. This recombination analysis will be 

submitted for publication separately. 

 Resonant processes during electron-impact of H2 molecules, such as dissociative 

attachment (DA), could potentially affect the rotational distribution.
37,38,39,40,41 

 In dissociative 

attachment, electron capture by H2 forms an intermediate negative-ion state followed by 

dissociation and release of an electron, with higher rotational N states having higher probability 

of this occurring.  Thus the rotational distribution could preferentially lose population from 

higher N levels, leading effectively to lower apparent rotational temperatures.  However, 

resonant processes such as DA occur at low electron energies in hydrogen (<17 eV),
42

 and the 

difference in DA cross sections for different rotational N states decreases rapidly beyond 5 eV. 

Also, the DA cross sections are not very large.  For example, for the ground vibrational state 

(=0) and N=8 the DA cross section is 10
-20

 cm
2
,
37

 such that a 5 eV electron energy with ne=10
12

 

cm
-3

 results in an excitation rate of only ~ 1 Hz.  Higher energies at ~100 eV would increase this 

rate only to ~4 Hz, if the cross section were to stay constant with energy (more likely 

decreasing), but again DA is not effective at altering the rotational distribution beyond 5-10 eV 

regardless.  The DA cross sections decrease even further with lower N levels. Therefore, 

dissociative attachment will not be considered here, although it could be an important effect in 

some applications.  

The total rate of change of the rotational populations is given by the sum of Eqs. (2), (5), 

(6) & (7) as 

         gaswall

wallquad

feed

feedtotal ,,, TTnnnnnnnnTnn NNNNNNNNNN
  

  (8) 

In steady state, total

Nn  is set to zero in Eq. (8), and the rotational populations nN are then obtained 

algebraically. However, the analytic solution of Eq. (8) is 

  t

NN e
R

n
R

tn 













 000

         (9) 

where 0

Nn  is the initial density of rotational level N,   NNNN nnnn
D

V
/quadH2   


  and 

feedHwall

0
2

NNN nn
D

V
nR  
















.  Note that R0 is the term in Eq. (7) containing the Boltzmann 

exponential factor plus the feed rate of Eq. (2).  From Eq. (9) it is observed that the solution for 

nN diverges for ≤0. Physically, this means that there is no steady-state solution when the non-

equilibrating electron-impact rates overwhelm the equilibrating wall collision rate.  A 

characteristic time to approach the steady-state solution of nN=R0/ is the e-folding time =1/.  

The largest value of  occurs for N=2, which is of the order 0.1-0.4 ms.  Since a PFRC plasma 

pulse is of duration 2-3 ms, the steady-state solution is justified.  However, this time scale also 

shows that measurements should be triggered to start at an appropriate time after . 
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III. RESULTS 

The above equations were implemented into the numerical software package 

Mathematica.  The parameters , , Tgas, Twall and Tfeed were adjusted to test the model.  Nuclear 

spin degeneracy, which is 3 for odd N (ortho modification) and 1 for even N (para modification), 

is not included, but should be considered in modeling of spectral intensities. The plasma 

parameters typical of the PFRC were fixed at ne=10
12

 cm
-3

, Te=100 eV, and =4 sccm. Multiple 

combinations were studied, and Fig. 3 provides a set of relevant examples where Tfeed is fixed at 

300K,  =0.4, and the wall temperature is varied from 100K to 1,000K.  The gas translational  

temperature will be somewhere between the feed gas and wall temperatures, and since its value 

is used only to calculate the wall collision rate, Tgas was arbitrarily set to the average of the wall 

temperature and feed gas temperature. Tgas was varied and produced very small changes to the 

sample results shown in Fig. 3. 

As can be seen from Figs. 3(a) and 3(b), the N=0,1,2 levels follow approximately a 

Boltzmann distribution with temperatures higher than those of the higher rotational levels.  The 

N≥3 levels in Figs. 3(a)  and 3(b) also approximately follow Boltzmann distributions, but at 

temperatures between the wall and feed gas temperatures. For the Twall =100K case of Fig. 3a, 

the model shows the distribution closely follows a Boltzmann distribution at the feed gas 

temperature of 300K.  This is due to the lower effectiveness of wall collisions at lower wall and 

gas temperatures in comparison with the gas feed rate. The Twall =400K case of Fig. 3b shows 

that wall and feed gas rates are approximately equal effects upon the rotational populations. The 

model for the Twall =1,000K case of Fig. 3c, however, shows a non-Boltzmann distribution, with 

enhanced population in the tails. This distribution shows that the wall is most effective at lower 

N at these temperatures, and loses effectiveness at higher N as the gas feed rate becomes more 

important.   

The N=0,1,2 levels have the largest numerical factors in the brackets of Eqs. (5) and (6) 

for the quadrupole and dipole electron-impact rates, respectively, and these factors quickly decay 

for N≥3. Thus, electron-impact excitation is less effective at higher rotational levels, while 

equilibrating wall collisions and the feed gas addition can begin to dominate resulting in the 

higher rotational levels tending towards a Boltzmann distribution. At these higher rotational 

levels, the wall collision and feed gas effects compete to produce a steady-state Boltzmann 

distribution weighted towards the wall or feed gas temperature depending on their relative rates.  

The model was also compared with the experimental results of Otorbaev et al. [5] (see 

Fig. 2a therein), which were obtained in a hydrogen discharge plasma at 0.5 Torr and current of 

30 mA. An electron density of ~10
10

 cm
-3

 at ~3 eV was reported separately by Lavrov et al.
9
  

Note that the data of Otorbaev et al. are from the fluorescent emission of the Fulcher- system 

(X 
1
g

+
  d 

3
u

-
  a 

3
g

+
), so are representative of the upper N´ rotational levels rather than the 

ground N levels. However, if dipole electron-impact excitation only is assumed (i.e. no 

quadrupole ro-vibronic excitation), then the upper levels are a direct mapping of the lower 

rotational levels since in this case only Q-branch excitation and emission transitions are possible 

(N=0). However, low-energy electron-impact excitation violates the 1
st
 Born approximation, so 

quadrupole excitation may not be negligible. To correct Otorbaev et al.’s upper rotational state 

intensities for direct comparison with the modeled ground state densities, their data was 

multiplied by the rotational constant ratio of the upper and ground electronic states B´/B, which 
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is about 2 for the hydrogen Fulcher- system.
14

 Note that for the upper  electronic state, N´=0 

is not possible since  =1 in this case, which explains why no N´=0 point is shown for the 

Otorbaev et al. data of Fig. 4.  All the population from the N=0 ground rotational level goes to 

the d 
3
u

+
 N´=1 ro-vibronic parity state through a R-branch transition. 

The electron-impact cross section for quadrupole excitation by electrons at ~ 3 eV is ~ 

10
-16

 cm
2
.
27

  These low electron energies are below the threshold for electron-impact excitation to 

upper electronic states, so the dipole electron-impact contributions detailed in Eq. (6) are 

neglected.  The discharge tube was cooled with liquid nitrogen, so a wall temperature of 77K is 

assumed in the model.  No flux conservers were used. The gas temperature was obtained 

separately from Doppler broadening of H2 spectral lines, giving a gas temperature estimate of 

300K. These plasma parameters were put into the model, and the result is shown in Fig. 4.  The 

model matches the experimental data of Otorbaev et al. quite well with a feed gas flow rate of 10 

sccm and  = 0.4. No flow rate was provided in their paper, but 10 sccm is not unreasonable.  

However, it was found that an equivalent good fit with the Otorbaev et al. data is obtained with 

different combinations of  and , as detailed in Table 3.  Interestingly, if the flow rate of the 

Otorbaev et al. experiment was known, then an experimental estimate of  could be obtained 

from matching the present model to their data. 

IV. CONCLUSION 

For medium-energy electrons (order 100 eV) at densities near the gas density, non-

equilibrating quadrupole and dipole electron-impact excitation, given by Eqs. (5) and (6), 

respectively,  can have a significant effect on the populations for low rotational levels (N=0,1,2) 

of ground state hydrogen.  Low-energy electrons (less than threshold of ~15 eV) at densities near 

the gas density have a significant effect through quadrupole ro-vibrational excitation, but not 

dipole bound-electron transitions since they have very low probability of occurring at these 

energies. Under these conditions when the electron density is relatively high, the N=0,1,2 levels 

should not be considered in equilibrium with a rotational temperature obtained including higher 

rotational levels, unless the wall collision rate is large enough to overcome the non-equilibrating 

effect of the electron-impact excitation rates.  For the case of the PFRC at the conditions 

expected, the N=0,1,2 levels follow a Boltzmann distribution at an effective rotational 

temperature higher than that would be obtained using all rotational levels. Since most of the 

molecular density is contained within the N=0,1,2 levels, a rotational temperature can be used to 

describe the distribution of the vast majority of molecules, but would not properly describe the 

populations of the higher N tails. 

It should be noted that per Eq. (9), the solution for the rotational level population 

diverges as the sum of the electron-impact rates approach the wall collision rate (i.e. as 0).  

Small changes in the input plasma parameters in this regime result in large changes in the 

population distribution, especially for N=0,1,2, which may not be physical.  However, this model 

clearly shows that the N=0,1,2 levels could have a distribution different from rest of the levels. 

Thus, it is not always justified to assume a Boltzmann distribution of the ground state rotational 

levels, in particular in studies of the Fulcher- emission as a diagnostic for translational 

temperature. 
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The model was able to reproduce the non-Boltzmann rotational distribution reported by 

Otorbaev et al. 
4,5

 using their plasma parameters, except for the gas feed rate since no value was 

given.  For this case, electron-impact excitation effects were smaller than wall collision and gas 

feed rate effects, although not completely negligible. It should be noted that much of the debate 

cited in the Introduction regarding the rotational distributions of hydrogen observed from 

Fulcher- emissions did not fully consider the possible non-Boltzmann nature of the ground state 

molecules.  Focus instead was put on the mechanics of the electron-impact excitation process of 

the Fulcher- system, leading for example to electron-impact excitation models with multi-pole 

transition moments.
4,16

 For studies which did account for a non-Boltzmann initial distribution,
9
 

wall collisions and gas feed rate were not included, and to the author’s knowledge no one has 

examined the effect of ro-vibronic electron-impact excitation processes as detailed in Fig. 2.  

Improper accounting of the ground rotational populations may therefore be the reason, at least in 

part,  that multiple researchers have obtained non-Boltzmann rotational distributions from their 

Fulcher- spectra, and thereby inappropriately derived a translational temperature from 

rotational spectra. 

Recombination of molecular hydrogen at the walls, and resonant processes such as 

dissociative attachment, were found to be small effects for the PFRC.  Additionally, dissociative 

attachment would be a small effect when applying the model to the data of Otorbaev et al.  Inter-

molecular collisions should be included for other molecules beyond hydrogen and deuterium if 

their inter-molecular collision rate, multiplied by the characteristic number collisions to 

equilibrate, is comparable with the other rates of Eq. (8).  
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Figure 1. Schematic of the Princeton Field-Reversed Configuration device at the Princeton 

Plasma Physics Laboratory.  Illustrated (not to scale) are the vacuum chamber, gas feed inlet and 

exhaust outlet, copper magnetic flux conservers, and magnetic field lines. rs is the radial distance 

of the separatrix at the axial centerline. 

 

Figure 2. Illustration of electron-impact dipole excitation and radiative dipole emission of the H2 

X 
1
g

+
 ground state for bound electron singlet-singlet transitions. (a) excitation to a higher-level 

1
 electronic state (Q-branches not allowed); and (b) excitation to a 

1
 electronic state (which 

has no N = 0 rotational state). 
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Figure 3. Rotational level populations for the PFRC hydrogen gas confined within a 10 cm 

diameter vacuum chamber and ~7 cm flux conservers within which are ~10
12

 cm
-3

 100 eV 

electrons. The gas feed flow rate is =4 sccm to maintain a pressure of 1 mTorr,  =0.4, and gas 

temperature is the average of the wall and feed gas temperature (set to 300K). (a) Twall = 100K; 

(b) Twall = 400K; (c) Twall = 1,000K. 

0 10 20 30 40 50

106

108

1010

1012

1014

NN1

D
e
n
si
ty


2
N

1

c
m

3


Boltzmann Tfeed  300K

Boltzmann Twall  100K

Model Tgas  200K

N0,1,2 Trot  408K

0 10 20 30 40 50

106

108

1010

1012

1014

NN1

D
e
n
si
ty


2
N

1

c
m

3


Boltzmann Tfeed  300K

Boltzmann Twall  400K

Model Tgas  350K

N0,1,2 Trot  505K

0 10 20 30 40 50

106

108

1010

1012

1014

NN1

D
e
n
si
ty


2
N

1

c
m

3


Boltzmann Tfeed  300K

Boltzmann Twall  1000K

Model Tgas  650K

N0,1,2 Trot  445K

(b) 

(c) 

(a) 



14 
 

 

Figure 4. Comparison of the experimental results of Otorbaev et al. [5] with the model.  

Reported experimental parameters of Twall = 77K, Tgas = 300K, and ne = 10
10

 cm
-3

 were used, and 

an electron energy of 3 eV inferred from the reported pressure and plasma current of the 

experiment. The feed gas flow rate was arbitrarily adjusted to 10 sccm for  =0.4 to fit the 

experimental data, since no flow rate was given by Otorbaev et al.  Equivalent fits were obtained 

using sets of  and  as shown in Table 3. 

 

Table 1. Electron-impact cross sections  from the X 
1
g

+
 ground electronic state for different 

upper electronic states [27], and fraction f of excited population returning to vibrational =0 

ground state. 

Upper electronic state B 
1
u

+ B´ 
1
u

+ B´´ 
1
u

+ C 
1
u D 

1
u D´ 

1
u 

 (x10
-18

 cm
2
) 30 4 1.5 30 3 2 

f .025 .040 .055 .097 .087 .084 
 

Table 2. Values of  needed to achieve equilibration within =0.1 to10% for various total 

number of collisions. 

number 

collisions Z 
=10% 5% 1% 0.1% 

1 0.1 0.05 0.001 0.0001 

2 0.32 0.22 0.1 0.03 

3 0.46 0.37 0.22 0.1 

4 0.56 0.47 0.32 0.18 

5 0.63 0.55 0.40 0.25 

6 0.68 0.61 0.46 0.32 
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Table 3. Feed gas flow rates  needed to match present model with data of Otorbaev et al. [5] 

for various collision equilibration factors . 

=0.2 0.3 0.4 

=4-5 sccm 7-8 sccm 9-10 sccm 
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