messsssmms Princeton Plasma Physics Laboratory s
I

PPPL-5291

Ponderomotive dynamics of waves in quasiperiodically modulated media

D. E. Ruiz, I.Y. Dodin

September 2016

__________________________________________________________________|
PRINCETON

PLASMA PHYSICS [
LABORATORY

Prepared for the U.S.Department of Energy under Contract DE-AC02-09CH11466.


tlewis
Typewritten Text

tlewis
Typewritten Text

tlewis
Typewritten Text

tlewis
Typewritten Text
	


Princeton Plasma Physics Laboratory
Report Disclaimers

Full Legal Disclaimer

This report was prepared as an account of work sponsored by an agency of the United
States Government. Neither the United States Governmentnor any agency thereof, nor any of
their employees, nor any of their contractors, subcontractors or their employees, makes any
warranty, express or implied, or assumes any legal liability or responsibility for the accuracy,
completeness, or any third party’'s use or the results of such use of any information, apparatus,
product, or process disclosed, or represents that its use would not infringe privately owned
rights. Reference herein to any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise, does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any agency thereof or its
contractors or subcontractors. The views and opinions of authors expressed herein do not
necessarily state or reflect those of the United States Governmentor any agency thereof.

Trademark Disclaimer

Reference herein to any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise, does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any agency thereof or its
contractors or subcontractors.

PPPL Report Availability

Princeton Plasma Physics Laboratory:

http://www.pppl.gov/techreports.cfm

Office of Scientific and Technical Information (OSTI):

http://www.osti.gov/scitech/

Related Links:

U.S. Department of Energy

U.S. Department of Energy Office of Science

U.S. Department of Energy Office of Fusion Energy Sciences



Ponderomotive dynamics of waves in quasiperiodically modulated media

D. E. Ruiz! and I. Y. Dodin':2

1 Department of Astrophysical Sciences, Princeton University, Princeton, New Jersey 08544, USA
? Princeton Plasma Physics Laboratory, Princeton, New Jersey 08548, USA
(Dated: September 6, 2016)

Similarly to how charged particles experience time-averaged ponderomotive forces in high-
frequency fields, linear waves also experience time-averaged refraction in modulated media. Here
we propose a covariant variational theory of this “ponderomotive effect on waves” for a general
nondissipative linear medium. Using the Weyl calculus, our formulation accommodates waves with
temporal and spatial period comparable to that of the modulation (provided that parametric res-
onances are avoided). Our theory also shows that any wave is, in fact, a polarizable object that
contributes to the linear dielectric tensor of the ambient medium. The dynamics of quantum parti-
cles is subsumed as a special case. As an illustration, ponderomotive potentials of quantum particles
and photons are calculated within a number of models. We also explain a fundamental connection
between these results and the commonly known expression for the electrostatic dielectric tensor of

quantum plasmas.

I. INTRODUCTION

It is well known that a non-uniform high-frequency
electromagnetic (EM) field can produce a time-averaged
force, known as the ponderomotive force, on any particle
that is charged or, more generally, has nonzero polar-
izability [1-6]. This effect has permitted a number of
applications ranging from atomic cooling to particle ac-
celeration [7, 8], but many other interesting opportunities
remain. In particular, similar manipulations can be prac-
ticed on waves too, as shown recently in Ref. [9]. Specif-
ically, any wave propagating through a temporally and
(or) spatially modulated medium generally experiences
time-averaged refraction determined by the modulation
intensity [10]. It was also shown in Ref. [9] that this
“ponderomotive effect on waves” subsumes the pondero-
motive dynamics of particles as a special case because,
quantum mechanically, particles can be represented as
waves too. However, Ref. [9] assumes that the wave pe-
riod (both temporal and spatial) is much smaller than the
modulation period. This approximation limits the appli-
cability of the theory. One may wonder then whether it
can be relaxed (without specifying the type of waves be-
ing considered) and whether new interesting physics can
be discovered then.

Here we answer these questions positively by propos-
ing a more general theory of the ponderomotive effect
on waves. For simplicity, we consider scalar dissipation-
less waves, but, in contrast with Ref. [9], our theory can
describe waves with temporal and spatial period com-
parable to that of the modulation (provided that para-
metric resonances are avoided). Using the Weyl calcu-
lus, we explicitly derive the effective dispersion operator
that governs the time-averaged dynamics of a wave in
a quasiperiodically modulated medium. This result is
later used to obtain the wave ponderomotive Hamilto-
nian (41). This formulation can be understood as a gen-
eralization of the oscillation-center (OC) theory, which is
known from classical plasma physics [11-13], to any linear
waves and quantum particles in particular. Our theory

also shows that any wave is, in fact, a polarizable o0b-
ject that contributes to the linear dielectric tensor of the
ambient medium. Ag an illustration, ponderomotive po-
tentials of quantum particles and photons are calculated
within a number of models and compared with simula-
tions. In particular, we find that quantum effects can
change the sign of the ponderomotive force. We also ex-
plain a fundamental connection between these results and
the commonly known expression for the quantum-plagsma
electrostatic dielectric function. This work also serves as
a stepping stone to improving the understanding of the
modulational instabilities in general wave ensembles, as
will be reported separately.

It is to be noted that effective Hamiltonians for tempo-
rally driven systems have been studied in condensed mat-
ter physics {14-21]. However, these studies are mainly fo-
cused on systems described by the Schrédinger equation
and use the modulation period as the small parameter.
In contrast, we study more general waves and expand in
the modulation amplitude rather than period. This way,
we can calculate the ponderomotive effect on waves us-
ing the Weyl calculus, which provides a direct connection
with classical physics and the aforementioned OC theory
in particular.

This work is organized as follows. In Sec. II the basic
notation is defined. In Sec. III we present the variational
formalism and the main assumptions used throughout
the work. In Sec. IV we derive a general expression for
the effective wave action. In Sec. V we present a theory
of ponderomotive dynamics for eikonal waves. In Sec. VI
we apply the theory to specific examples. In Sec. VII we
show the fundamental connection between the pondero-
motive potential that we derive in this paper and the
commonly known dielectric tensor of quantum plasma.
In Sec. VIII we summarize our main results. Some aux-
iliary calculations are presented in the Appendices. This
includes an introduction to the Weyl calculus that we ex-
tensively use in the paper (Appendix A) and details of
some of the calculations presented (Appendix B).



II. NOTATION

The following notation is used throughout the paper.
The symbol “=" denotes definitions. Unless otherwise
specified, natural units are used in this work so that the
speed of light equals one (¢ = 1), and so does the Planck
constant (A = 1). The Minkowski metric is adopted with
signature (+,—,—,—). Greek indices span from 0 to 3
and refer to spacetime coordinates, z# = (z°x), with
z% =t. Also, 9, = §/0z* = (8;, V), and d*z = dz° d3x.
Latin indices span from 1 to 3 and denote the spatial vari-
ables, i.e., x = (z',22,2%), and 9; = §/9z*. Summation
over repeated indexes is assumed. For arbitrary four-
vectors a and b, we have: a-b = a"b, = a’b® —a-b. The
Dirac bra-ket notation is used to denote |¥) as a state
of the Hilbert space defined over R%. In Euler-Lagrange
equations (ELEs), the notation “da :” denotes that the
corresponding equation was obtained by extremizing the
action integral with respect to a.

III. PHYSICAL MODEL
A. Wave action principle

We represent a wave field, either quantum or classical,
as a scalar complex function ¥(z). The dynamics of any
nondissipative linear wave can be described by the least
action principle, A = 0, where the real action A is bilin-
ear in the wave field [22]. In the absence of parametric
resonances [23], the action can be written in the form [24]

A= / déz déa’ U (2)D(z, 2 )0 (x), (1)

where D is a Hermitian [D(z, ") = D* (2, z)] scalar ker-
nel that describes the underlying medium. Varying the
action (1) leads to the following wave equations:

§T*(z): 0= /d4x'®(x,a¢')\11(w'), (2a)
5¥(z): 0= /d4a;' ¥ (z")D(z', z). (2b)

For the rest of this work, it will be convenient to de-
scribe the wave ¥(z) also as an abstract vector |¥) in
the Hilbert space of wave states, such that [22, 25]

U(z) = (|¥). 3)

Here |z) are the eigenstates of the coordinate operator
# such that (z'|##|z) = z# (z'|z) = z#d*(z’ — z). Let us
introduce the momentum (wavevector) operator p such
that (z'|p,|z) = i96%(z’ — z)/Oz# in the coordinate rep-
resentation. Thus, the action (1) can be rewritten as

A=(2DD), (4)
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where D is the Hermitian dispersion operator defined
such that D(z,z’) = (z|D|z’). Treating (¥| and |¥) as
independent [22], we obtain the following ELEs:
5 (| :
§|w)

D|¥) =0, (5a)
(¥|D =0, (5b)

which can be understood as a generalized vector form of
Egs. (2). Specifically, Egs. (2) are obtained by projecting
Egs. (5a) and (5b) by (z| and |z), respectively.

B. Problem outline

Below, we consider the propagation of a wave |¥),
called the probe wave (PW), in a medium whose pa-
rameters are modulated by some other wave, which we
call the modulating wave (MW). Accordingly, D(z,z’)
is a rapidly oscillating function. Our goal is to derive
a reduced version of Eqgs. (5) that describes the time-
averaged dynamics of the PW.

We assume that the dispersion operator can be decom-
posed as

i) = 1,\)O + ﬁosc, (6)

where 950 represents the effect of the unperturbed back-
ground medium and D represents a weak perturbation
caused by a MW. Additionally, we assume

ﬁosc = ioﬁﬁn) (7)
n=1

where 0 < 1 is some linear measure of the MW ampli-
tude [26], and D,, are Hermitian. Finally, we consider
that the MW frequency Q and wavevector K satisfy the
geometrical optics (GO) assumption

; 1 1
emw—max{h?,m}<<l, (8)

where 7 and £ are the characteristic inhomogeneity scales
of the background medium and of the MW envelope. (For
clarity, we do not make a distinction between the scales
of the background medium and of the MW envelope.)
Note that the condition (8) applies to the MW only and
not to the PW, unlike in Ref. [9].

IV. GENERAL THEORY

The oscillating terms in the dispersion operator will be
eliminated by introducing an appropriate variable trans-
formation on the PW. Specifically, let |¥) = U |¢). Then,
Eq. (4) transforms to

A= (9| Deg|¥), (9)

Wl



where Dog is the effective dispersion operator
Degr = UTDU. (10)

Below, we search for a transformation U such that, unlike
D, the operator Deg contains no dependence on the MW
phase. The corresponding |9} is then understood as the
OC state of the PW in a modulated medium.

A. Near-identity unitary transformation

For convenience, we require that U be unitary so that
(¥|®¥) = (9]9). Then, it can be represented as

U = exp(iT), (11)

where T is a Hermitian operator called the generator of
the unitary transformation U. In light of Eq. (7), we
search for 7 and Deﬁ using the standard perturbation
approach based on Lie transforms [12, 27]. Specifically,
we consider the operators as power series in o so that

Degr = ZU Dt n» (12)

where 'j'n and fbeﬁ"n are Hermitian. We substitute
Egs. (6), (7), (11), and (12) into Eq. (10). Collecting
terms by equal powers in the parameter o, we obtain the
following set of equations [28]:

beﬂ',o . ®0; (13&)
Degr1 = D1 +i[Do, T1), (13b)
Desr2 = D + i[Do, T2] + Ca, (13c)

where Gy = i[D1,T1] — (1/2)[[Do, T1],T1] and so on.
Here the brackets denote commutators. We require that
Desr,n contains no high-frequency modulations, so we let

Der 1 = (D1,
Desr,o = (Do) +

(14a)

(C2), (14b)

where ‘{(...))" is a time average over a modulation period.
Then, subtracting Egs. (14) from Egs. (13), we obtain

~i[Do, T1] =D1 — (D1)), (15a)
~i[Do, To] =Da — {(Da)) + €2 — (C2)), (15b)

As usual, this procedure can be iterated to higher orders
in 0. However, for the sake of conciseness, we shall only
calculate Deg upto O(c2). Below, we demonstrate how
to solve Egs. (15) for T, and T».

B. Deg within the leading-order approximation

In order to explicitly obtain @eﬂv and ‘j'n, let us consider
Egs. (13)-(15) in the Weyl representation. (Readers who
are not familiar with the Weyl calculus are encouraged to
read Appendix A before continuing further.) For n =0,
the Weyl transformation of Eq. (13a) leads to

. Do(xap)) (16)

where Dy (z,p) and Dygn(x,p) are the Weyl symbols
(A1) of the operators D, and Deg n, respectively. For
n = 1, the Weyl transformation of Eq (13b) gives

Deff,l e Dl = {{DOaTl}}a (17)

where ‘{{-,-}}’ is the Moyal sine bracket (A10) and
T,h(z,p) are the Weyl symbols of J,,. It is to be noted
that Dy, Deg n, and T,, are real functions of the eight-
dimensional phase space because the corresponding op-
erators are Hermitian.

Since D is a linear measure of the MW field, we adopt

D1(z,p) = Re[D1(z,p)e’®™), (18)

where the real function ©(z) is the MW phase and
Di(z,p) is the Weyl symbol characterizing the slowly-
varying MW envelope [29, 30]. The gradients of the phase

Az) = -8,0, K(z)= Vo, (19)

Deﬁ' O(x’p)

determine the MW local frequency and wavevector,
respectively. We introduce the MW four-wavevector
K.(z) = —0,0 = (2, —K), which is considered a slow
function. [Accordingly, the contravariant representation
of the MW four-wavevector is K#(z) = (Q,K).]

Since Dy is quasi-periodic [31], (D1)) = 0. Following
Eq. (14a), then Deg 1 = 0, which also gives

{Do, T1}} = Ds. (20)
Let us search for T3 in the polar representation:
Ty = Re[Ti(=, p)e"®), (21)

where Ti(z,p) is to be determined.  Substituting
Egs. (18) and (21) into Eq. (20) and equating terms with
the same phase, we obtain (Appendix B)
Dl (x,p)eiG(w) = {{DO) ﬂeie}}

= Ti{{Do, €} + O exw)
—iTi (Do x €™ — €© % Dy) + Oemw)

X ﬂ(x7p)eie(m) + O(emw)a (22)

where ‘x” is the Moyal product (A6) and 77 is pulled out

of the sine bracket because it is a slowly-varying function.
Solving for 77, we obtain

iDy (z,p)
Dy(z,p + K/2) — Do(z,p — K/Q)

Ti(z,p) =

+ O(emw)-
(23)



Now let us calculate Deg . From Eq. (13b), we have
[Do, T3] = iDy, so Gy = (z/2) [Ty, D1]. Then, by apply-
ing the Weyl transform to Eq. (13c), we obtain

Deg 2 = Dy — {{Do, T2}} + Ca, (24)

where Cs(z,p) = (1/2){T1, D1 }}. After substituting D
and T3, the Weyl symbol (s is found to be (Appendix B)

Z Dy (z,p + nK/2)|?
, Do(z,p+ nK) — Do(z,p)

+ RG[CQ(.’E,p)elze(m)] + O(EmW)7 (25)

where Ca(x,p) is a slowly-varying function whose explicit
expression will not be needed for our purposes.

Following Egs. (14b) and (24), we let Deg o = {(D2)) +
{((C3)). Then, the symbol T5(x,p) satisfies

{Do, T2 }} = Dz — {(D2)) + Re(C2¢*®).  (26)

We then repeat the procedure shown in Egs. (21)-(23) to
obtain 7% that satisfies Eq. (26). Finally, after collect-
ing the previously obtained results of this section, the
effective dispersion symbol is found to be [32]

Deg(z,p) —Do( ,p) + o*((D2(z, p)))
Z |Dy (x, p +nK/2)?
4 Dn p+nK)— Dylz,p)
+ O(emw704)' (27)

The Weyl symbol Deg(z,p) in Eq. (27) constitutes one
of the main results of this work. The actual operator Deg
can be obtained from the symbol (27) using the inverse
Weyl transform (A2). Alternatively, one can find its co-
ordinate representation Deg(z,z’) using Eq. (A3).

V. PONDEROMOTIVE DYNAMICS

With the effective dispersion operator obtained in
Sec. IV, we can describe the time-averaged dynamics of
the PW using

Degt [1h) = 0. (28)

Alternatively, we can apply the variational approach, and
we express the action (9) in the phase-space representa-
tion. Following Refs. [24, 33], the action is written as

A= / d*z d*p Dot (e, p)W (@, ), (29)

where W(z,p) is the Wigner function [34] corresponding
to the OC state |1)); namely,

Wz, p) = / (25‘1 e (2 4 5/2) (e — 5/2) . (30)

The variational approach is particularly convenient for
deriving approximate models of wave dynamics [9, 35—
42]. For illustration purposes, here we focus on the OC
dynamics of PWs in the eikonal approximation, or the
GO limit. Specifically, we proceed as follows.

A. Eikonal approximation

Let us consider the complex function ¢ = (x|¢) in the
following polar representation
(@) = P(z) = VIo()e™, (31)

where Zy(x) and 6(z) are real functions. We assume that
the phase 6 is fast compared to the slowly-varying func-
tion Zy. Specifically, we require

1 1
€pw = max{ |k|£} <1, (32)
where

w(z)=—-0:8, k(z)=V4 (33)
are the local PW frequency and the wavevector, respec-
tively. As in Sec. III, 7 and £ denote the characteristic
homogeneity scales of the background medium and the
MW envelope. For simplicity, we will denote the assump-
tions in Egs. (8) and (32) by the same parameter

€ = max{ €mw, €pw | < L. (34)

[Note that, in conventional GO (such as that used in
Ref. [9]), the PW needs to satisfy the harder constraint
eco = max{Q/w, |K|/|k|} <« 1 in the presence of a MW ]
Since % is assumed quasi-monochromatic, the Wigner
function (30) is then, to the lowest order in € [24],

Zo(2)d*(p — k) + O(e), (35)

where k,(z) = —9,8 = (w,—k). Substituting Eq. (35)
into Eq. (29) leads to the following action:

W(z,p) =

A= / d%2 To(2) Dest(z, k). (36)

The action (36) has the form of Whitham’s action,
where

T = T8, Degt(z, k) (37)

serves as the wave action density [38]. (From now on,
k = —06.) Treating Zp and # as independent variables
vields the following ELEs:

60: HI+V . (Iv)=0, (38a)

0Ty : Deg(z, k) =0, (38b)
where the flow velocity v is given by
. OkDeg

v(t,x) = 9D (39)

Here Eq. (38a) represents the action conservation theo-
rem, and Eq. (38b) is the local wave dispersion relation.



B. Hayes’s representation

Equation (38b) can be used to express the PW fre-
quency w as some function Heg(t,x, V8):

w = Heg(t, %, V0). (40)

This determines a dispersion manifold [33, 43]. The func-
tion H.g can be represented as follows:

Heg(t,x,k) = Ho(t,x,k) +0°®(¢t,x, k),  (41)

where higher powers of ¢ are neglected, like in the previ-
ous section. (Henceforth, the small parameter o will be
omitted for clarity.) Here Hy(t,x, k) is the unperturbed
frequency of the PW, so it satisfies Dy(z, k) = 0, where

kf:(t’xa k) = (HO(taxa k)ak) (42)

is the unperturbed PW four-wavevector. The function
®(t,x,k) can be understood as the PW ponderomotive
frequency shift. (When multiplied by 7, @ is also under-
stood as the ponderomotive potential.) Using Egs. (27)
and (38b) together with the Taylor expansion

.Deﬁ'(x; k) o Deﬁ(m> k*) + awDeff(xi k*)[w B H()(t, X k)]’
(43)
we obtain an explicit expression for @, which is
. . ((-D‘Z(‘r) k» 1
@(tyxg k) - |: a DU(T k) 48 D(](I k}
[D1(z, k + nK/2)?
x Z , Do(@,k+nK) — Doz, k) | . i)

Hence, we can rewrite the action (36) in the Hayes’s
form [44]; namely,

- [ P2 T[00+ Haalt,x, VO)].  (45)
In this case, the corresponding ELE’s are
86: O8I+ V-(Zu)=0, (46a)
07 : w= He(t,x,k), (46b)
where u is the effective PW group velocity
u(t,x) = O Heg(t, %, k). (47)

Here Eq. (46b) is a Hamilton-Jacobi equation represent-
ing the local wave dispersion. Note that, on solutions
of Eq. (46b), u(¢,x) is the same as v(¢,x) defined in
Eq. (39), so Egs. (46) are consistent with Egs. (38).

Another comment is the following. When |K| < |k, ],
the effective Hamiltonian can be approximated to

Heff(t;x: k) = HO(t’X’k) i {_ %
o? w0 D1 (, k)?
48 Do(z, k) Ok# (K"Bkao(x k)) Jk:k*’

(48)

where K#0p. = Q0, + K - 9. When D(z,p) in Eq. (6)
is of the Hayes’s form [D(x,p) = w— H(t,x, k)], Eq. (48)
recovers the same expression for Heg that was previously
reported in Ref. [9].

C. Point-particle model and ray equations

The ray equations corresponding to Egs. (46) can be

obtained by assuming the point-particle limit. Specifi-
cally, let us adopt the ansatz
Z(t,x) = 8 (x — X (1)), (49)

where X(t) is the location of the wave packet. As in
Ref. [45], integrating the action (45) in space yields the
canonical phase-space action of a point-particle; namely,

A= / dt[P - X ~ Heg(t, X, P)], (50)

where P(t) = VO(t, X(t)). Here, X(t) and P(t) serve as
canonical variables. The corresponding ELEs are
§P: X =0pHa(t,X,P), (51a)
6X: P=-0xHeg(t,X,P). (51b)

Equations (51) describe the ponderomotive dynamics of
PW rays. These equations include the time-averaged re-
fraction of a PW under the action of a MW. The pon-
deromotive dynamics of charged particles is subsumed
here as a special case. Below, we discuss this in detail.

VI. DISCUSSION AND EXAMPLES

A. Example 1: Schrédinger particle in an
electrostatic field

We consider a nonrelativistic particle interacting in a
modulated electrostatic potential. The particle dynamics
can be described using the Schrédinger equation

0¥ = [-V?/2m + ¢V (2)] T, (52)

where m and ¢ are the particle mass and charge, the elec-
trostatic potential V(z) = Re [V.(2)e'®®)] is assumed
small, ©(z) is a real fast phase, and V.(z) is a com-
plex function describing the slowly-varying potential en-
velope. In this case, the dispersion operator is

D = po — p*/2m — gV (2). (53)

The corresponding Weyl symbols are (Appendix A)

Do(p) = po — p?/2m, Dose(z) = —qV(z). (54)
The symbol Deg is calculated using Eq. (27). Note
that D; = —Re(qV.e*®) so D1 = —qV, and D,, = 0 for



n > 2. Substituting into Eq. (27), we obtain

Deff(xap)
_ Dy (z)[?
= Dolp) - Z . Dolp +nK) — Do(p)
e p_z_ ¢ Ve(x) /4
2m =41 (pD + nQ - i%%;fﬁ_"’) — (pfl = '2?;’;)
2 2 KV 2
— At ¢ |KVe[ /m (55)

2m 4@ —p-K/m)? — (K*/m)*

Inserting Eq. (55) into Eq. (36) leads to the action in
the Hayes form (45), where the effective Hamiltonian is
k? KV ?/m
2m 40 —k-K/m)? — (K?*/m)?

Heff(taxa k) - . (56)

In the fluid description of the particle wave packet, the
corresponding ELEs are given by Eqgs. (46). The cot-
responding ray equations are obtained from the point-
particle Lagrangian (50). When introducing the missing
F factors, the effective point-particle Hamiltonian is

P? 2KV, |2 /m
eﬁ‘(t X P) q | .[ / 3 =
2m 42— P -K/m)? — (hK*/m)?
(57)
The classical ponderomotive Hamiltonian [3, 40]
P2 2KV, |?
Hegta(t, X, P) = + il d (58)

4m(SB—P K/m)?

is recovered from Eq. (57) in the limit of small K. In
coustrast with Heg 1, Eq. (57) predicts that the pon-
deromotive potential can be attractive, as confirmed nu-
merically in Fig. 1. This effect is similar to that reported
in Refs. [15, 46]. Note that the ray trajectories generated
by Heg accurately match the motion of the wave packet’s
center. Also note that, at 2 = 0, the ponderomotive po-
tential is resonant at 2K - P = &AK?. This relation can
be written as Agp = 2d cos ¢, where Agp is the particle de
Broigle wavelength, d = 27/ K is the characteristic length
of the lattice, and ¢ is the angle between the K and P
vectors. One may recognize this as the Bragg resonance.
In other words, our wave theary presents Bragg scatter-
ing as a variation of the ponderomotive effect. One can
also identify a parallel between Eq. (57) and the linear
susceptibility of quantum plasma [47, 48]. This will be
further discussed in Sec. VIL

B. Example 2: Ponderomotive dynamics of a
relativistic spinless particle

In this section we calculate the ponderomotive Hamil-
tonian of a relativistic spinless particle interacting with a
slowly-varying background EM field and a high-frequency
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FIG. 1: (a) Comparison of the simulation results obtained
by numerically integrating the full-wave Eq. (52) (solid fill)
and the ray-tracing Eqs. (51) with Hes taken from Eq. (57)
(dashed) for a stationary MW. The initial wave packet is
Uo(z) = (2mn®) "/ *exp [—(2 — p)*/(4n*)], where p = —50
and n = 15, and it is normalized such that [dz ¥3(z) = 1.
(The simulation is one-dimensional, and x denotes the spa-
tial coordinate, unlike in the main text, where x denotes the
spacetime coordinate.) The initial conditions for the ray tra-
jectory are X (0) = —50 and P(0) = 0. (b) MW profile of the
form V{(z) = 0.15 sech(x/80) cos(z). Natural units are used
suchthat m =1,¢=1,A=1, and K = 1. At later times (not
shown), diffraction effects become important, so the eikonal
theory becomes inapplicable.

EM modulation [49]. The particle dynamics can be de-
scribed using the Klein-Gordon equation

(0 — qV)* = (=iV — gA)?

where V(z) and A(z) are the scalar and vector poten-
tials, respectively. The four-potential is given by

A(z) = Apy(z) + Alsc(2), (60)

where Af (x) is the four- potent1al describing the back-
ground E%/I ﬁeld and A" (z) = Re[4#(x)e’®®)] is the
modulated EM wave four-potential and is considered
small. As before, O(z) is a real fast phase, and A%(z)
is the slowly-varying complex amplitude of the MW. In
terms of operators, the dispersion operator is given by

-m?]¥ =0, (59

Do = [p* — qAL,(£)] [Py — qAbg,u(2)] —m?,  (61a)
Deoso = — {qAM(£) [Py — qAbg,u(£)] + h.c.}
+ q* AL (&) Aose,u(%)- (61b)



The corresponding Weyl symbols are (Appendix A)

Do(z,p) = [p" — qAb, (2))[Pu — qAvg u(@)] — m?, (62a)

Dl(x>p) . 2qusc(x) [pu - qAbgle- (SL‘)], (62b)
D2 (xap) = qugsc (x)AOSCyM(m)' (62C)
Substituting into Eq. (27), we obtain
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Deg(z,p) =ntm, — m? + g——l-‘—:—rl—
v PelrnkpP
o2nr K+ n?K . K’

n==1

where 7 = p# — gAp, |AP = Ao A = Vo[ — |ALP,
and [A;-(m+nK/2)? = [Ae- (m+nK/2)|[A%-(m+nK/2)].

Following the procedure in Sec. V, we determine the
effective Hamiltonian for a point particle. Introducing
the missing ¢ and £ factors, we obtain

qz(Ac - A7)
dyme?
¢?lA; - (IL, + nhK/2)|?

Heg(t,X,P) = ymc? + ¢Vog —

i

—_— 4
+2f7mcz ‘R;I 2nll, - hK +n2h2K - K’ (64)

where

. P gA,, 2

t, X, P)=4/1 — = 65
14X, P) ¢+(mc e ), o)
is the unperturbed Lorentz factor,

II%¥ = (yme, P — gAvg/c) is the unperturbed kinetic
four-momentum, A#(¢,X) = (V,, A.) is the modulated
four-potential, and K*(¢,X) = (Q/¢,K) is the MW
four-wavevector. All quantities are evaluated at the
particle position X(t).

Several interesting limits can be studied with the ef-
fective Hamiltonian (64). In the Lorentz gauge, where
0 At =0, we have K - A, = O(¢e). Then, Heg becomes

qg (Ar: " A:)
dyme?
¢%|A. - TL|? KK
B ( yme? ) 4, K2 — (hK -K)?

Heg(t,X,P) = ymc?® + Vg —

(66)

Let us analyze the terms appearing in Eq. (66). For ex-
ample, K - K = (£2/¢)?2 — K = 0 for a vacuum wave, so
the second line vanishes. The remaining terms can be
understood as the lowest-order expansion (in |A.|?) of
the effective ponderomotive Hamiltonian H.g = mc?[1 +
(P/me—qAyg/me?)® —q?(Ac- AZ) /2m2 Y2 4 Vi, that
a relativistic spinless particle experiences in an oscillat-
ing EM pulse [50-53]. In the case where K - K # 0, the
term in the second line of Eq. (66) persists and accounts
for Compton scattering, much like the Bragg scattering
discussed in Sec. VIA.

Also, let us consider a particle that interacts with an
oscillating electrostatic field so that A% = (V,,0). In this
case, Eq. (64) gives (Appendix B)
qzlvc

dym
y K2 — (v.-K/c)? — (hK/2yme)*(K - K)
(Q—v,  -K)2— (KK - K/2ym)? '

2
Hy(t,X,P) = yme® + qVie + l

(67)

where v, = II/(+ym) is the unperturbed particle velocity.
The last term in Eq. (67) is the relativistic ponderomotive
energy. [In the nonrelativigtic limit, when v ~ 1 and
hK| <« me, Eq. (67) reduces to Eq. (57), as expected.]
When quantum corrections are negligible, we obtain

¢*|KV, |2

Hy(t,X,P) = 2
7 (t, ) =me +qug+4fVI(Q—V. .K)2>

(68)

where M = my|K|? /[|K|]? — (v. - K/¢)?)]. When v, is
pointed along K, one has M = m-3, which is understood
as the longitudinal mass. In contrast, when v is trans-
verse to K, one has M = myy, which is understood as the
transverse mass [54].

C. Example 3: Electrostatic wave in a density
modulated plasma

As another example, let us consider an EM wave ¥(z)
propagating in a density-modulated plasma. The PW
dynamics is described by

RV = V2 - 2T, (69)

where w2(x) = 4rg®n(z)/m is the plasma frequency
squared [55]. The plasma density is modulated
such that n(z) = npeg(x) + Nosc(z), where npg(z)
is the slowly-varying background plasma density and
Nosc(z) = Re[na(2)e’®®)] is a fast modulation of small
amplitude. The dispersion operator is given by

~

D=p-p—wl(d), (70)
so the corresponding Weyl symbols are

(71a)
(71b)

Do(z,p) =p p — w} pe(),
Dose(z) = — Re[w’z),c<x)ei®(m)],

where w2, () = 4m¢*npg/m and Wl (z) = dmgPne/m.
Substituting Eqs. (71) into Eq. (27), we obtain

w2, J2(K - K)/8

Deg(z,p) =p-p— w? ——. (72
ff(xp) p-p wp,bg+ (pI{)2—(K.ﬁ)2/4 (7 )
Then, the effective Hamiltonian is given by
W el _
Hes(t,x, k) = wo(t, x, k) — =25 (73)

16wg



where wo(t,%,k) = (c?k? + w2, .)*/? is the unperturbed
EM wave frequency,

02 — 2K2

ST @, KP (@ - EKO A o

and v, = c¢?k/wy is the unperturbed EM wave group ve-
locity. (For clarity, we inserted the missing ¢ factors.)
The second term in Eq. (73) represents the ponderomo-
tive frequency shift. Hence, even classical EM waves in
a modulated plasma experience ponderomotive effects.

Similarly to the previous examples, the denominator in
Eq. (73) also contains photon recoil effects. The Bragg
resonance condition is also included; i.e., for EM waves
propagating in static modulated media (£2 = 0), the
Bragg resonance occurs at 2k - K = +K*. In the op-
posite limit where Q > v, - K, Eq. (73) becomes

w2 |2 N%2 -1
16wd | 1— u2(N? —1)%’

Heg(t,x,k) = wo + ( (75)

where = /2wy and N = ¢|K|/§ is the MW refraction
index. Note that the GO result reported in Ref. [9] is
recovered in the limit u < 1.

VII. MODULATIONAL DYNAMICS AND
POLARIZABILITY OF WAVE QUANTA

A. Basic equations

Knowing the effective Hamiltonian H.g of PWs, we can
easily derive the self-consistent dynamics of a MW when
it interacts with an ensemble of PWs. (As a special case,
when PWs are free charged particles, such ensemble is a
plasma.) To do this, let us consider the Lagrangian of the
whole system in the form Ay = Ay + Apw, Where Apy
is the MW action, and Apy, is the cumulative action of all
PWs. We attribute the interaction action to Apy, so, by
definition, Ay, is the system action absent PWs. Then,
Anw equals the action of the MW EM field in vacuum,
A ~ [d%z (B2, —BZ,)/(87) [56]. Since the MW is
assumed to satisfy the GO approximation, its electric and
magnetic fields can be expressed as

Emw = Re (Ece™®), Bpw = Re(B.€©), (76)
where the envelopes E. and B, are slow compared to ©.
Then, we can approximate Ap,, as

2 2 2
= [t (L EBEY

167 167822

where we substituted Faraday’s law B, = (cK/§2) x E..

To calculate Apw, we assume that PWs are mutually
incoherent and do not interact other than via the MW.
(When PWs are charged particles, this is known as the
collisionless-plasma approximation. In a broader context,

this can be recognized as the quasilinear approximation.)
Then, Apw = >, As, where A; are the actions of individ-
ual PWs. Let us adopt A; in the form (45). Hence,

Apw = Apwo — Z / d4in(t’ x) @;(t,x, V), (78)

where Apwo = — Zi f d*z7Z; [0:0; + Ho,i(t, x,V8;)] is
independent of MW variables, so it can be dropped. (In
this section, we are only interested in ELEs for the MW,
and Apw o does not contribute to those.) Let us consider
PWs in groups s such that, within each group, PWs have
the same ponderomotive frequency shift ®,. Then,

pr == Z/d4x d3P fs(t)xﬂ p) @S(t’x’ p)’ (79)

where fo = > ... Zi(t,x) §[p — V0;(t,x)] represents the
total phase-space density of species s. This gives Ay =
[ d*z £, where the Lagrangian density £ is

a_ [E.|? _(:EIK X E,:|2_
T 167 16722

Z/dgp fs(ta X, p) q)s(t>x> p)-

Since ®; is bilinear in the MW field and independent
on the MW phase, it can be expressed as

1
o, = ~1 E;-a,-E, (80)

where a, is some complex tensor that can depend on 2
and K but not on E. or EX. Explicitly, it is defined as

82

'—'4‘W @S(EC,EZ,Q,K; t, x, p), (81)
c c

Qs =

or, equivalently, a; = —40?H.g s /(OE. OE;). Then,

AlK x B2

1 .
L£=—E ¢t,x,QK) E; - 16702

16w £

where we introduced € = 1 + x and

x=ar Y [ @ htxpantxp 2K, (5)

By treating (©,E.,E?) as independent variables, we
then obtain the following ELEs:

60 : 0:(8aL) — V- (0kL) =0, (84)
SE:: (/c)’e-E.+K x (K x E;) =0, (85)

plus a conjugate equation for E. [Remember that 2
and K are related to © via Eq. (19).] We then recognize
these ELEs as the GO equations describing EM waves
in a dispersive medium with dielectric tensor & [55, 57].
Thus, x is the susceptibility of the medium, and o, serves
as the linear polarizability of PWs of type s [58].

Hence, Eq. (80) can be interpreted as a fundamental re-
lation between the ponderomotive energy and the linear



polarizability. This relation represents a generalization
of the well-known “K-x theorem” [3, 59], which estab-
lishes the same equalities for classical particles, to gen-
eral waves. Those include quantum particles as a special
case and also photons, plasmons, phonons, etc. Accord-
ing to the theory presented here, any such object can be
assigned a ponderomotive energy and thus has a polariz-
ability (81). Some examples are discussed below.

B. Examples

As a first example, let us consider a nonrelativistic
quantum electron with charge ¢, mass m, and OC mo-
mentum P = mv. Suppose the electron interacts with
an electrostatic MW (so B, = 0). Then, H.g can be
taken from Eq. (57), and Eq. (81) readily yields that the
electron polarizability is a diagonal matrix given by

o, =13 - [(@-K-v)*>— (AK?*/2m)?] .  (86)

(Here, I3 is a 3 x 3 unit matrix.) The susceptibility of
nondegenerate plasma formed by such electrons is [60]

47Tq2/ 3 f(t)x)v)
— —]I
X 3 d’v

(Q—K-v)?2 - (hK?/2m)?’
which is precisely the textbook result [47]. This shows
that the commonly known expression for the dielectric
tensor of quantum plasma is actually a reflection of the
less-known quantum ponderomotive energy.

Second, consider an EM wave in a nonmagnetized
density-modulated cold electron plasma. Using the con-
tinuity equation for the electron fluid and also the fluid
momentum equation, one readily finds that

: 2
2 _ [ W%
Wl = <_ms22 ) K- E., (87)

where we agsume the same notation as in Sec. VIC. Then,
using Eq. (73), one gets

4 =y 2 * E
- wp,bg‘—' q (EC KK - EC)
& = —hwo < lbwﬁ ) m208 . (88)

where KK is a dyadic tensor. (The factor A is introduced
in order to treat ® as a per-photon energy rather than
as a classical frequency.) Hence, according to Eq. (81), a
photon has a linear polarizability

(89)

Wi ZE\ 2KK
Qpn = g ( p.be ) g

dwi | m2QrT

In principle, one must account for this polarizability
when calculating e; i.e., photons contribute to the linear
dielectric tensor just like electrons and ions. That said,

the photon polarizability is typically small compared to
the electron polarizability because, loosely,

o B w‘f
R (—0) . (90)

Qg me? ) wg

where fiwo/mc? < 1. Hence, ignoring the photon contri-
bution to the plasma dielectric tensor is justified except
at large enough photon densities.

Similar calculations are also possible for dissipative dy-
namics and vector waves and also help understand the
modulational dynamics of wave ensembles in a general
context. However, elaborating on these topics is outside
the scope of this paper and is left to future publications.

VIII. CONCLUSIONS

In this work, we show that scalar waves, both quan-
tum and classical, can experience time-averaged refrac-
tion when propagating in modulated media. This phe-
nomenon is analogous to the ponderomotive effect en-
countered by charged particles in high-frequency EM
fields. We propose a covariant variational theory of this
“ponderomotive effect on waves” for a general nondis-
sipative linear medium. Using the Weyl calculus, our
formulation is able to describe waves with temporal
and spatial period comparable to that of the modula-
tion (provided that parametric resonances are avoided).
This theory can be understood as a generalization of
the oscillation-center theory, which is known from clas-
sical plasma physics, to any linear waves or quantum
particles in particular. This work also shows that any
wave is, in fact, a polarizable object that contributes
to the linear dielectric tensor of the ambient medium.
Three examples of applications of the theory are given:
a Schrédinger particle propagating in an oscillating elec-
trostatic field, a Klein-Gordon particle interacting with
modulated EM fields, and an EM wave propagating in a
density-modulated plasma.

This work can be expanded in several directions. First,
one can extend the theory to dissipative waves [61] and
vector waves with polarization effects [39, 62], which
could be important at Bragg resonances. Second, the
theory presented here can be used as a stepping stone
to improving the understanding of the modulational in-
stabilities in general wave ensembles. This requires a
generalization of the analysis presented in Sec. VII and
will be reported in a separate paper.
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sions. This work was supported by the U.S. DOE
through Contract No. DE-AC02-09CH11466, by the
NNSA SSAA Program through DOE Research Grant No.
DE-NA0002948, and by the U.S. DOD NDSEG Fellow-
ship through Contract No. 32-CFR-168a.



Appendix A: The Weyl transform

This appendix summarizes our conventions for the
Weyl transform. (For more information, see the excellent
reviews in Refs. [33, 63-65].) The Weyl symbol A(z,p)
of any given operator A is defined as

Alz,p) = /d4s P (x4 s/2|Alz — 5/2), (A1)
where p-s = p°s” —p-s and the integrals span over R4, We
shall refer to this description of the operators as a phase-
space representation since the symbols (A1) are functions

of the eight-dimensional phase space. Conversely, the
inverse Weyl transformation is given by

/ Az d*pdis

(2me)® e A(z, p) |z - $/2) (x + s/2].

(A2)
= (z|Alz') can be expressed as

’ d‘l ip-(x' —x CC‘l‘CE,
A(w,x):/ﬁep( )A( 2 ,10>A (A3)

In the following, we will outline a nurmber of useful
properties of the Weyl transform.

Hence, A(zx,z")

e For any operator A, the trace Tr[A] = [ dz (x| A|z)
can be expressed as
. d*zdip
) = [ TS E A (A4

o If A(z,p) is the Weyl symbol of A, then A*(z,p) is the

Weyl symbol of At. As a corollary, the Weyl symbol
of a Hermitian operator is real.

e For any €= A@, the corresponding Weyl symbols sat-
isty [66, 67]

A(z,p) x B(z,p).

Here “*’ refers to the Moyal product, which is given by

Clz,p) = (A5)

A(,p)« B(z,p) = A(z,p)e’“/*B(z,p),  (A6)
and £ is the Janus operator, which is given by
L2b,00-0, 8 ={"7) (@7

The arrows indicate the direction in which the deriva-
tives act, and ALCB = {A, B} is the canonical Poisson
bracket in the eight-dimensional phase space, namely,

93 939 9 3 § 3

£ a0 e 9050 Tox op ap ox
e The Moyal product is associative; i.e.,
A*BxC=(AxB)*C=Ax(B*C). (A9)
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e The anti-symmetrized Moyal product defines the so-
called Moyal bracket

{{A,B}}i%(A*B—B*A) = 2Asin % B.

(A10)
Because of the latter equality, the Moyal bracket is also
often called the sine bracket. To the lowest order in e,

{4, B}} ~ {4, B}. (A11)

e Now we tabulate some Weyl transforms of various op-
erators. (We use a two-sided arrow to show the corre-
spondence with the Weyl transform.) First of all, the
Weyl transforms of the identity, position, and momen-
tum operators are given by

lel1, & e <. (A12)
It f and g are any two functions, then
(&) & f(x), 9(B) < g9p). (A13)
Similarly, using Eq. (A6), we have
puf(&) & puf(x) + (i/2)0uf (z), (A14)
f@)pu < puf(x) — (i/2)0f (). (A15)

Appendix B: Auxiliary calculations

Here we include additional details on some of the de-
rived results presented in this work. Specifically, to ob-
tain Eq. (22), first note that ©(z) is fast while K, (z) =
—0,0© is slowly varying. Then,

Az, p) % e®©

o 2rpl gpn Oz
0 . L
i an [ 8e\"]
= A(z,p) [X_;) 7l o ( ax> € + O(emw)
00 i n
= A(z,p) [; ol B <3> e"® + O(emw)

= A(z,p + K/2)e™® + O(emw), (B1)

where we used a single dot product to denote the con-
traction of the tensors involved. Similarly,

e© x Az,p) = A(z,p — K/2)e®® + O(emw).  (B2)

For the calculation shown in Eq. (25), we need the



following result:

A(z,p)e® x B(z, p)et®?

_ A(m,p)e"el eiﬁi/QB(x,p)eieg

e zél(x,p)ei':')1 ei(é_”'a_ag’:)ﬂeie?B(x,p)

= A(g,p)e'® e~ r0:02-0:0:.3) /2501 g5, 1)
+ O(mw)

= A(z, p)ei® er(K2/2)g=(K1 /28 6102 B (g p)
+ O(emw)

= A(z,p+ K2/2)B(z,p — K1/2)¢" 92 4 O(egm).

Substituting this result, we then obtain

Co = {{T1, D1}}/2
= {Ti(=z,p)e’®, D (z,p)e*©}/8

+ {{,TI,‘t (x,p)e-i@, 2 (xap)eie}}/s
+ {{7?1 (m7p)eiea D, (x’p)ei@}}/g
+ {77 (,p)e™", Di(z,p)e**}}/8

= Ti(z,p — K/2)D:(z,p — K/2)/(8)

— Ti(z,p+ K/2)Di(z,p + K/2)/(8%)
+ T (2, p + K/2)D1(z,p + K/2)/(8)
— T (z,p — K/2)D1(z,p — K/2)/(8)
+ Re[C2(,9)e*©@)] + Oemw),

(B3)

(B4)

Heg(t,X,P) — yme? — ¢Voe
g* (A, - A* ) 1 Z @®|Ac - (I, + nhK/2)|?
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where Ca(z, p) is some function, whose explicit expression
is not important for our purposes. Substituting Eq. (23)
into Eq. (B4), we obtain

Cy = _1{ Dy(z,p + K/2)
4| Do(a,p+ K) — Do(z,p)
D1 (x,p — K/2)
Do(z,p— K) — Do(z,p)
* Rl P)eZO)] 1 O(eme)
1 Z |Dy(z,p+ nK/2)?
4 4 Do(z,p+nK) — Do(z,p)[?

+ Re[Ca(z, )e* )] + Oemw).- (B5)

The calculation of Eq. (66) is presented below. Start-
ing from Eq. (64) and letting A% = (V,0), we have

dymc? 27m02

, 2nll, - hK + n?h2K - K’

(yme — B8)/2¢)?

PP | P#IVeP (vmc+ hQ/2c)*
21, - hK + W2K - K

dyme2  2yme?

2Il, - hK — WK - K

dymc? 2ymc?

PV N (q2|VC|2) (yme + hQ/2¢)? (201, - hK — A2K - K) — (yme — hQ/2¢)?(211, - hK + h2K - K)

4A(TL, - hK)2 — (72K - K)?

2v*m?c?(K - K) — R?Q%(K - K)/2c?

Ve (qBIVCIQ) dymQ(I, - K) —

dyme2 8yme?

Vel

@, K)? -

(hK - K/2)2

4ymQI, - K) — 292m2(K - K) — 2(I1, - K)? — B2Q2(K - K)/2¢® + R3(K - K)?/2

8yme?
|V |?

(1@, K)2 — (hK - K/2)?

4ymQ(ymQ — I - K) — 2v2m2c2(02%/c? ~ K?) — 2(ymQ — I - K)? — RK?(K - K)/2

8yme?

(I, -K)? - (hK - K/2)°

4ym
QIV l2
4ym

K*— (- K/-ymc)

(2 =11 K/ym)? (7).

(857
(e
<q IVIZ) K® — (I1- K/yme)® — (RK/2ymec)*(K - K)
- (5m) %

(Q—-II-K/ym)? — (hK - K/2ym)?

(B6)
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